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MINIMAL MASS DYNAMICS 



WAN MARTEL, FRANK MERLE, AND PIERRE RAPHAEL 



Abstract. We consider the mass critical (gKdV) equation u t + (u xx +u ) x — 
for initial data in H . We first prove the existence and uniqueness in the energy 
space of a minimal mass blow up solution and give a sharp description of the 
corresponding blow up soliton-like bubble. We then show that this solution 
is the universal attractor of all solutions near the ground state which have a 
defocusing behavior. This allows us to sharpen the description of near soliton 
dynamics obtained in |33| . 



1. Introduction 

1.1. Setting of the problem. We continue the study of the mass critical gener- 
alized Korteweg-de Vries equation: 

( a vAxn J u t + (u xx + u% = 0, (t, x) G [0, T) x R, 

(gKdV) { u(0,x)=u (x), xGR (L1) 

initiated in Part I [33] . The Cauchy problem is locally well posed in the energy 
space H 1 from Kenig, Ponce and Vega \15\ 116] . and given no € H 1 , there exists a 
uniquqj maximal solution u{t) of (jl.ip in C([0,T), H 1 ) and 

T < +oo implies lim ||u x (t)||^2 = +oo. (1-2) 

The Cauchy problem for (jl.ip is also locally well-posed in 1? and given uq £ L 2 , 
there exists a unique maximal solution u(t) of (jl.ip in C([0, T),L 2 ) with either 
T = +oo or 

T < +oo and then llnllrsrio = oo. 

* (0,T) 

H 1 solutions satisfy the conservation of mass and energy: 

M(u(t)) = J u 2 (t) = M , E(u(t)) = ^ J ul(t) - i J u\t) = E . 
The symmetry group of (ll.ip is continuous in H 1 and given by 

e A|«(Ag(t - to), A (x - x )), (e , A , x ,t ) G {-1, 1} x R* + x R x R. 

In particular the scaling symmetry leaves the 1? norm invariant and hence the 
problem is mass or 1? critical. 

Travelling waves solutions play a distinguished role in the analysis 

u(t, x) = Q(x — t) 
where Q is the ground state solitary wave 
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which attains the sharp Gagliardo-Nirenberg inequality, [54j: 

,2 \ 2 

(1.3) 



The conservation of mass and energy and the blow criterion (|1 .2[) ensure that H 1 
initial data with subcritical mass ||iio||.L 2 < IIQIIl 2 generate global in time solutions. 

1.2. The flow near the ground state. In the series of works [261 [271 1381 l28l 129] . 
Martel and Merle obtain the first qualitative information on the flow for small super 
critical mass initial data ||Q||x,2 < ||uo||l 2 < IIQIIl 2 < a *> < a* <C 1, in particular 
the existence of finite time blow up solutions for Eq < and the classification of Q 
as the unique global attractor of all H 1 blow up solutions. 

In Part I |33j, we have revisited the blow up analysis in light of recent develop- 
ments related to blow up for the mass critical Schrodinger equation |39^ l4"0l |4"T1 H2| 
|4"3"1 |Hj and energy critical geometrical equations |50[ l4"5| l5"T] . 

More precisely, let the set of initial data 

•A. = |uo = Q + eq with Heoll// 1 < a o an d J y 10e o < lj > 
and consider the L 2 tube around the family of solitary waves 



u & H with inf \\u -Q ( — - — J l^ 2 < a 

A >0,a;o6K n V A / 

A 



In [33] . we have proved the following (see Theorems 1.1 and 1.2 in |33j for more 
details) . 

Theorem 1.1 (Rigidity of the flow in A, [33])- Let < a>o <C a* <C 1 anc? iio G ^4.. 
Lei u G C([0, T),!! 1 ) be the corresponding solution to (jl.ip . Then, one of the 
following three scenarios occurs: 

(Blow up) : the solution blows up in finite time < T < +oo in the universal regime 

\Ht)\\m = e{U0 ^° t {1) as t^T, e(u )>0. (1.4) 

(Soliton): the solution is global T = +oo and converges asymptotically to a solitary 
wave. 

(Exit); the solution leaves the tube T a * a t some time < t* < +oo. 

Moreover, the scenarios (Blow up) and (Exit) are stable by small perturbation of 
the data in A. 

Our aim in this paper is first to classify the minimal mass dynamics H^oIIl 2 = 
[| Q \\ L 2 and then, from this classification, to complete the description obtained in 
Theorem ll.ll in the (Exit) regime. Indeed, we will show that for ao small enough, the 
(Exit) case is directly connected to the understanding of minimal mass dynamics. 

1.3. Minimal mass dynamics. The question of existence and possibly uniqueness 
of minimal blow up dynamics for dispersive and parabolic PDE's has motivated 
several works since the pioneering result by Merle [36j for the mass critical nonlinear 
Schrodinger equation: 

(NLS) id t u + Au + \u\^u = 0, (t, x) G R x R N . (1.5) 



BLOW UP FOR THE CRITICAL GKDV II 



3 



Let us recall that for (NLS), the pseudo conformal symmetry generates an explicit 
minimal mass blow up solution 

Sms(t, x) = J^e-^-iQNLS (f ) (1.6) 
where Qnls is the ground state solution to 

AQnls - Qnls + QnII = 0, Q>0, Q e H l . 
Merle proved in [36] that Snls * s the unique (up to the symmetries of the equa- 
tion) minimal mass blow up element in the energy space. The proof heavily relies 
on the pseudo conformal symmetry. Such minimal blow up dynamics have also been 
exhibited for the energy critical NLS and wave problems [11], |10| . using the virial 
algebra and a fixed point argument. For the inhomogeneous mass critical (NLS) in 
dimension 2: 

idtu + An + k(x)\u\ 2 u = 0, 
while Merle |37j derived sufficient conditions on k(x) to ensure the nonexistence of 
minimal elements, Raphael and Szeftel [52] introduced a more dynamical approach 
to existence and uniqueness under a necessary and sufficient condition on k(x). A 
robust energy method is implemented to completely classify the minimal mass blow 
up, in regimes such that the inhomogeneity k influences dramatically the bubble of 
concentration (|l,6p - in contrast with direct perturbative methods developed in |3j, 
[1], pQ, see also |2Uj for existence in the one dimensional half wave problem. 

Recall that for the mass critical (gKdV) problem (jl.ip . Martel and Merle [30] 
obtained the following global existence result for minimal mass solutions with decay 
on the right. 

Theorem 1.2 (Global existence at minimal mass, |30j). Let uq G H 1 with 1 1 t*o 1 1 z, 2 = 
||Q||l 2 an d 

sup 4 I «8(«)* < -Hx, (1.7) 

a;o>0 Jx>xq 

Then, the corresponding solution u(t) of (jl.ip is global for t > 0. 

In other words, minimal mass blow up is not compatible with the decay f[ 1 . T[> . 
This is in agreement with the analysis in [33] where the threshold dynamics for data 
in A between the stable (Blow up) and (Exit) regimes is proved to correspond to 
a solitary wave behavior - and not to a minimal blow up. We refer to [44] for a 
further discussion of threshold dynamics. 

1.4. Statement of the result. The first main result of this paper is the existence 
and uniqueness in the energy space of a minimal mass blow up element: 

Theorem 1.3 (Existence and uniqueness of the minimal mass blow up element), 
(i) Existence. There exists a solution S(t) £ C((0, +oo), H 1 ) to (jl.ip with minimal 
mass ||iS'(t)||x,2 = ||Q||l 2 which blows up backward at the origin: 

S(t, x) - —Q l - ^0 in L 2 as 1 1 

t2 \ t J 

at the speed 

\\S(t)\\m a* HO (1.8) 

for some universal constants c,C*. Moreover, S is smooth and well localized to the 
right in space: 

Vx>l, S(l,x)<e- Cx . (1.9) 
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(ii) Uniqueness. Let uq 6 H 1 with ||iio Hi, 2 = IIQIIl 2 an< ^ assume that the corre- 
sponding solution u{t) to (jl.ip blows up in finite time. Then 

u = S 

up to the symmetries of the flow. 

Observe that the minimal element blows up with speed (|1.8p which is the same 
as in the (Blow up) regime obtained in Theorem 11,11 However, the case of (Blow 
up) in Theorem 1 1,1 1 is shown to be stable by small perturbation in A, while minimal 
mass blow up is unstable by perturbation of the data S(0) — > (1 — e)S(0), e > 0, 
since the corresponding solution has subcritical mass and is thus global in time. 
This shows that the decay assumption to the right in Theorem 11.11 is essential and 
that the minimal blow up solution has slow decay to the 

leftB 

The nature of the 

minimal blow up is different from the one of stable blow up. 

We now relate the (Exit) case in Theorem 11.11 to the minimal mass blow up 
dynamics. We claim that at the (Exit) time, the solution is L 2 close up to renor- 
malization to the unique minimal solution S(t). 

Theorem 1.4 (Description of the (Exit) scenario). Let u(t,x) be a solution of 
(jl.ip corresponding to the (Exit) scenario in Theorem 11.31 and let t* ^> 1 be the 
corresponding exit time. Then there exist r* = T*(a*) (independent of u) and 
(A* , x*) such that 



l2 < Si(a ) 



(\* u )2 U (t* u ,\* u X + X* u )-S(T*, 

where 5/(«o) ~~ * as ao — > 0. 

Note that uniqueness in Theorem 11.31 is an essential ingredient of the proof. In 
view of the universality of S as attractor to all defocused solutions, and in continu- 
ation of Theorem 11.31 it is an important open problem to understand the behavior 
of S(t) as t — > +oo. For the mass critical (NLS), the explicit formula (|1.6|) ensures 
that Snls scatters as t — > oo, and hence it is a connection from +oo to 0. For 
(gKdV), the decay in space (|1.9p of S(t,x) on the left, combined with Theorem II .2| 
ensures that S(t) is globally defined for t > 0, but scattering as t — > +oo is an open 
problem^). We conjecture that S(t) actually scatters, and because scattering is an 
open in L 2 property, [16j, we obtain the corollary: 

Corollary 1.5. Assume that S(t) scatters as t -y +oo. Then any solution in the 
(Exit) scenario is global for positive time and scatters as t — > +oo. 

Related rigidity theorems near the solitary wave were recently obtained by Nakan- 
ishi and Schlag |46| . [47] for super critical wave and Schrodinger equations using 
the invariant set methods of Beresticky, Cazenave [2j, the Kenig-Merle concentra- 
tion compactness approach |14| . the classification of minimal dynamics |10| . |11| . 
|12| and a further "no return" lemma in the (Exit) regime. This approach relies on 
the virial algebra which is not known for (gKdV). 

We expect the strategy of the proof of Theorem 11.41 reducing the dynamics of 
defocused solutions to the sole description of the minimal mass solution, to be quite 
general. 



remember that it blows up backwards in time, 
^by scattering for (gKdV), we mean that there exists a solution v(t,x) to the Airy equation 
d t v + v xxx = such that lim t ^ +00 \\S(t) - v (t)\\ L 2 = 0. 
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Notation: We introduce the generator of L 2 scaling: 

A/ = \f + yf. 

We note the L 2 scalar product: 

(f,g) = / f(x)g(x)dx. 
Jm. 

Let the linearized operator close to Q be: 

Lf = -f" + f-5Q A f. (1.10) 

For a given generic small constant < a* -C 1, 6 (a*) denotes a generic small 
constant with 

5 (a*) ^ as a* -> 0. 
Given / an interval of M, we let 1/ denote the characteristic function of I. 

1.5. Strategy of the proof. Let us give a brief insight into the strategy of the 
proof of Theorem 11.31 and Theorem 11.41 

step 1 Modified blow up profiles. We construct the minimal element using a 
variation of the compactness argument used for the construction of non dispersive 
objects in [35], [25], [6], |52) . This solution will admit near blow up time a decom- 
position 

1 ds 1 x — xit^j 

u(t, x) = -T—(Qb(t) +£)(«, V) with — = -3, y= , 

and 

e(t) -)• in H 1 as 1 1 0. 
Here is the slow modulated deformation of the ground state constructed in 
which formally leads to the dynamical system 

b s + 2b 2 = . / A(t) = £% 
-% = b L6 ' \ 6(t) = -^A 2 (t) 



and hence the blow up speed (|1.8D . 



step 2 The formal argument. Following [35J, [52], we could build the minimal 
element by considering the solution u n (t) to (gKdV) with data 

= -y-rQb( tn ) ( x ~xa) n) ) with x dn) = rt n , b(t n ) = -tx 2 (t n ) 

and show that there exists a time to > independent of n such that 

ll^n^o)!!^ 1 ^ 1 as t n 1 0. 
Such an estimate is the heart of the proof and would be a consequence of the fine 
monotonicity properties exhibited in |33| . Passing to the limit t n — > automatically 
produces the expected blow up element. 

We will argue slightly differently and propose a scheme adapted to the proof of both 
Theorem 11.31 and Theorem 11.41 and which as in |44] illustrates the fact the minimal 
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element can be obtained as limiting sequences of defocusing solutions. Indeed, we 
pick a sequence of well prepared initial data 

U n {0) = Qb(n)(0), M°) = 

which by construction have sub critical mass 

IK(0)IU 2 = ||QIU 2 --+ o (- 

n \n 

Such solutions are automatically in the (Exit) regime of Theorem 11.11 Moreover, 
we have from |33] a complete description of the flow for t G [0,t^] i.e. the solution 
admits a decomposition 

u n (t, x) = -^—(Q bn{t) + e n ) (t, X ~ X ;} t] ) (1.11) 



K(t) 



where to leading order the modulation equations for (b n , X n ) are given by 

H~M0) = -I - M o) 

i.e. 

X n (t) ~ 1 - b n (0)t, b n (t) = b n (0)X 2 n (t). (1.12) 

The (Exit) time t* is the one for which the solution moves strictly away from the 
solitary wave which in our setting is equivalent to 

independent of n. This in particular allows us to compute t* n and show using f|l. 12[) 
that the solution defocuses: 

X n {t n ) ~ yj^t ~ a as n -»• +oo. 

We therefore renormalize the flow at t* and consider the solution to (gKdV) with 
data at i* given by the renormalized u n at i* , explicitly: 

i 

v n (r,x) = Xl(t* n )u n {t T , X n (t* n )x + x n (t* n )), t T = t* n + rXn(t* n ). 
Then v n admits from direct check a decomposition 

V n {T,x) = — -{Qb Vn +£vj T,— 

X Vn {T)2 V fn(-r) / 

with from the symmetries of the flow 
A %» = ytttv x v n (r) = r7 -r , b Vn {r) = b n (t T ), e Vn (r) = e n (t T ). 

The renormalized parameters can be computed approximatively using (|1 . 12)) : 
~ An(C A + ! f ?f* n)) ~ ^ [1 - b n (0)(t* n + rXl(t* n ))] 
~ YT^T " r6 n (0)A3 (t;)] = 1 - r6 n (0)A2 (C) 

AnV r nJ 

= 1 -rb n (t* n ) = 1 + ra*. 

Letting n —> +oo, we therefore expect to extract a weak limit v n (0) v(0) such that 
the corresponding solution v(t) to (gKdV) has minimal mass ||f (0)11^2 = ||Q||l2 
and blows up backwards at some finite time t* ~ — \ with the blow up speed 
X v (r) ~t-t* i.e (JTSJ. 
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The extraction of the weak limit now requires sharp controls on the remaining ra- 
diation e Vn . Here an essential use is made of the fact that the set of data u n (0) is 
well prepared as this induces uniform bounds for £ Vn (0) = £ Un {tn) m H 1 an d allow 
us to use the H 1 weak continuity of the flow in the limiting process. 

step 3 Solutions in the (Exit) regime. The proof of Theorem 11.41 follows sim- 
ilarly considering sequences of data (uo) n with ||(ito)n||L 2 ~~ * IIQIIl 2 such that the 
corresponding solution to (gKdV) is in the (Exit) regime. We write explicitly the 
solution at the (Exit) time in the form ([l.lip . renormalize the flow and now aim at 
extracting a weak limit as n — > +oo. The architecture of the proof is similar, except 
that we have lost the fact that the data is well prepared which destroys the uniform 
H 1 bound on v n (0). We therefore use two new tools: a concentration compactness 
argument on sequences of solutions in the critical L 2 space in the spirit of |14j using 
the tools developed in |18| . which allows us to extract a non trivial weak limit with 
suitable dynamical controls; refined local H 1 bounds on v n (r) in order to ensure 
that the L 2 limit is in fact also in H . Hence the weak limit is a minimal mass H 1 
blow up element. 

step 4 Uniqueness. It remains to prove the uniqueness in H 1 of the minimal 
element. This is a delicate problem and here we adapt the direct dynamical approach 
developed in [52J. The first step is to show that any H 1 minimal blow up element 
blows up with the blow up speed (|1.8p . Here the proof relies first on exponential 
decay estimates of minimal elements proved in [28] which allow us in a second time 
to enter the monotonicity machinery developed in |33| . Once the blow up speed is 
known, one may integrate the flow backwards from the singularity and show that 
the blow up element is close in a strong sense to the S(t) minimal element previously 
constructed. It remains to show that the difference is exactly zero. This requires 
revisiting the monotonicity properties for the difference of two such solutions, and 
showing that the previously obtained a priori bounds on the solution implies that 
the difference is exactly zercQ. Let us insist that as in 1 52], |44| . we are forced to 
work with a finite order approximation of the solution^ and therefore this step is 
always delicate. 



2. Nonlinear profiles and decomposition close to the soliton 

We collect in this section a number of tools which can be explicitly found in the 
literature and which we will use in the proof of the main results. We start with 
recalling the status of scattering theory and profiles decomposition in the critical 
L 2 space for (gKdV). We then recall the nonlinear decomposition of the flow for 
data near the ground state, and the main monotonicity formula at the heart of the 
analysis in [33] and which will play again a distinguished role in the analysis. 

2.1. Cauchy problem and scattering from [15] • We use in the paper the ter- 
minology strong solution in the sense of Kenig, Ponce, Vega |15] , For uq G L 2 , 
we denote by v(t) = W(t)uo the solution of the Airy equation vt + v xxx = with 
v(0) = vq. The following space-time Strichartz type estimate proved in |15] is 



This equivalently means that the integration of the flow from blow up time defining the minimal 
blow up element is a contraction mapping in a suitable function space, 
^and note arbitrarily degenerate as in [3j for example. 
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essential in the resolution of the Cauchy problem for (jl.ip in I? and H 1 : 

\\W(t)v \\ L s L io < \\v \\ L 2. (2.1) 
We recall the following classical results. 



Theorem 2.1 (Kenig, Ponce, Vega |15|). 

(i) L 2 theory. The Cauchy problem (jl.ip is locally well-posed in L 2 : for all uq G L? , 
there exists a unique L 2 solution of (jl.ip defined on a maximal interval of existence 
[0,T). There is continuous dependance on the data in L 2 , and there holds the blow 
up alternative: 

T < +00 implies H^H^s^io = +00. 

Moroever, there exists 5 > such that ||^o||l 2 < 5 implies that the solution is global 
with \\u\\t5 rio < +00. 

(ii) H 1 theory. The Cauchy problem (jl.ip is locally well-posed in H 1 : for all uq G 
H 1 , there exists a unique H 1 solution of (jl.ip defined on a maximal interval of 
existence [0,T). There is continuous dependance on the data in H , and there holds 
the blow up alternative: 

T < +00 implies lim II till 1-2 = +00. 

(hi) Scattering and stability of scattering. Let u(t) be a global L 2 solution of (jl.ip . 
V \\ u \\lIL}° < then the solution u(t) scatters at +00 i.e. there exists G L 2 

such that 

lim \\u(t) - W(t)vt\\& = 0. 
t— ^00 

The set S = {u$ G L 2 such that u(t) is global and scatters at +00} is open in L 2 . 

Point (hi) of Theorem 12.11 follows from [15J and standard arguments (see e.g. |14) 
for similar arguments in the case of nonlinear Schrodinger equation), and means 
that scattering is a stable regime without any assumption of size on the solution. 

We now recall the known results on profile decomposition in the critical space of 
sequences of solutions to the Airy equation which describes the lack of compactness 
of the Strichartz estimate (j2.ip . For any xq G M and A > 0, dehne the operator 
g X0! x : L 2 (R) -> L 2 (R) 

[9 X0 ,xf](x) :=A-^/(A- 1 (x-x )). 
Let G denote the set of such transformations. 

Lemma 2.2 (Profile decomposition [53j). Let {n n } n >i be a sequence of real-valued 
functions bounded in L 2 . Then, after passing to a subsequence if necessary, there 
exist (complex) L 2 functions {(f>>}j>i, G G, £n > 0, i« G M such that for all 
J > 1, 

u n = E ">■< iU>:; ^' uCXL o l i ■ «",', (2.2) 

i<i<J 

where the parameters £n satisfy the following property: for any 1 < j < J either 
= for all n > 1, or ^nAn — > 00 as n — > 00. Here, G L 2 (M) is real-valued and 

Moreover, for any J > 1, 



Km \ K||| 2 - E ||Re[e^ A "^]||^ - ||^||^2 = 0. (2.4) 
i<j<J ) 
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Using this lemma for the study of the nonlinear flow (jl.ip requires a suitable 
perturbation theory: 

Lemma 2.3 [L? perturbation theory [18]). Let I be an interval o/R, 6 /, and 
let u be an L 2 solution of 

u t + (u xx + u 5 ) x = e x 
on I xM. for some function e. Assume that 

INIl£°£!(JxR) + INlL5L t 10 (/xl;) < M > 
for some M > 0. Let u(0) G L 2 be such that 

|K0)-u(0)|| L 2 <M', 

\\e~ td \u(0) - u(0))|| L | L io (/xM) + \\e\\ L i L 2 {IxR) < e, 

for M' > and for some small < e < eo(M, M'). Then, the solution u{t) of (jl.ip 
corresponding to u(to) is defined on I and there holds the bound: 

\\ u ~ u\\ L 5 L io {IxR) + \\u - u\\ L °°Ll(ixm) < C{M, M')e. (2.5) 

2.2. Approximate self similar profiles. We recall the existence of suitable ap- 
proximate self similar solutions which give the leading order profile of solutions with 
data near Q. The specific sutrcture of these profiles drives both the blow speed in 
the (Blow up) regime and the speed of defocalization in the (Exit) regime. Let y 
be the set of functions / G C°°(R,R) such that 

VA: G N, 3C k , r k > 0, Vy G R, |/«(y)| < C k (l + (2.6) 

Let x G C°°(R) be such that < x < 1» x' > on R, \ = 1 on [-1, +oo), x = 0on 
(— oo, —2]. Define 

Xb(y) = x(Wy), 7 = |- (2-7) 

Lemma 2.4 (Approximate self-similar profiles Qt,, |33j). There exists a unique 
smooth function P such that P' G 3^ and 

(LP)' = AQ, lim P(y) = \ I Q, hm P(y) = 0, (2.8) 

y — ^ — oo z J y— >+oo 

(p ' Q) = h (/ Q ) > °' (p ' g,) = °- (2 - 9) 

Moreover, the localized approximate profile: 

Qb(y) = Q(y) + b Xb (y)P(y), (2.10) 

satisfies: 

(i) Estimates on Qf,: For all y G R, 

IQ&GOI < + |6| (l [ - 2 ,o](|6| 7 y) + e-*) , (2.11) 

|Qf } (y)l < e Hs/| + \b\e~^ + |6| 1+fc n h2j _ 1] (|6ry), /or fc > 1, (2.12) 

(ii) Equation of Q b : let 

-y b ={Q'l-Q b + Ql)' + bAQ b , (2.13) 

then, for all y G R ; 

\%(y)\ < |fc| 1+7 l h2) -i](|fc| 7 y) + b 2 (e-¥ + l h2)0] (|6ry)) , (2.14) 

l*?°(v)l < |6| 1+(fe+1)7 l[- 2l -i](|fery) + foV^, /orfc>l. (2.15) 
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(iii) Mass and energy properties of Q b : 



Q 2 + 2b PQ 



< \b\ 2 ~\ 



E(Q b ) + b J PQ 



<b 2 . 



(2.16) 



(2.17) 



2.3. Geometrical decomposition of the flow. Let u G C°([0, to], H 1 ) be a solu- 
tion of (jl.ip close in 1? to the manifold of solitary waves i.e., we assume that there 
exist (Ai(i),aJi(i)) G Ml x R and e\{t) such that 



Vt G [0,t ], u(t,a?) 



with 



ViG[0,i ], \\si(t)\\ L 2 + / {dyexYe * d y < a * 



(2.18) 



(2.19) 



for some small enough universal constant a* > 0. We may refine this decomposition 
using the Q b profiles and a standard modulation argument: 

Lemma 2.5 (Decomposition and H 1 properties, |33j). Assume (|2,19p . 

(i) Decomposition: There exist C 1 functions (A, x, b) : [0, to] — ► (0, +00) x R 2 such 
that 

V*€[0,t o ], e(*,y) = A5(t)«(t,A(t)i/ + x(t))-Q 6(t) (y) (2.20) 
satisfies the orthogonality conditions 

(e(t),yAQ) = (e(t),AQ) = (e(t), Q) = 0. (2.21) 

and 

\Mt)\\ifi + W)\ £ <^(«*)> \\<t)\\m < S(\\e (t)\\ m ). (2.22) 

(ii) Equation of e: Let 

ds 1 



1 dt' 
*W 



or equivalently — = — ^, sq = s(io)- 



(2.23) 



^ + &) (AQ 6 + Ae)+(^- !)((?,,+ -), 



For a// s G [0, So], 

e s — (Le)y + 6Ae — ^ — r " j 1 .»v<, ~ • »- > ~~ ^— - 1 / i^f> t - > ;i 
+ $ 6 + tf 6 - (R b (e))y - (R NL (e)) y , 
where ^ is defined in (|2.13p and 

<s>b = -b s (xb + jy(xb) y ) p, 

R b (e) =5[Qt~ Q A ) e, R NL (e) = (e + Q fe ) 5 - 5Q^e - Qf . 
(iii) Estimates induced by the conservation laws; on [0,sq], there holds 



Hs)\\ 2 L2 <\b(s)\2 + 



b{s) 



2\\s)Eo + ^\\Q\\l,-\\e y {s)\\l 2 



<b 2 (s) + \\e{s)t L2 +5{\\e\\ L ,)\\e y { i 



(2.24) 

(2.25) 
(2.26) 

(2.27) 

\h- 
(2.28) 
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(iv) Rough modulation equations: on [0,sq], 



+ 



•Eg 

A 



<( I e 2 e-^)~ +b 2 ; (2.29) 



\b s + 26 2 | < \b\ (J e 2 e~^ 2 + |6| 3 + J e 2 e~4. (2.30) 

(v) Minimal mass; if in addition, \\u(t)\\i2 = ||Q||£,a then Eq>0 and on [0,so], 

b(s)<0, E X\s)< \b(s)\ + \\e(s)f Hl <E X 2 (s). (2.31) 
The proof of Lemma [2. 51 is given in [33 j . except (|2.3ip which we prove now. 
Proof of (|2,3ip . Write the conservation of I? norm 

jQl- j V + f e 2 + 2(e,Q b ) = 

and use (e\,Q) = and (|2.16p to obtain 

2b(P, Q)(l + 8(a*)) + J e 2 = 0, (2.32) 

which implies in particular b < 0. We then write the energy conservation law using 
(ei,Q) = and (l2~T7)l : 

2X 2 E(u ) = 2E(Q b ) - 2 J e(Q b ) yy + j 4~\J ((^ + e ) 6 " Qft) 
= -2b j PQ + 0{b 2 ) + j e 2 y -S j Q*e 2 - l -j 

- 2 j e [(Q b - Q) yy + (Qt - Q 5 )] + 5 J (Q 4 - Q 4 )e 2 

- ^ y [(Qb + e) 6 -Q e b - 6Q 5 b e - lf>Q A b e 2 - e e ] . 
The non linear terms are easily estimated using the Sobolev bound 



i i 



and the estimates of Proposition 12.41 and we then inject the L 2 conservation law 
(I2~32l to conclude: 

2X 2 E = (Le,e) + 5(a*)(\b\ + ||e||^). 

Our choice of orthogonality conditions ensures (see Lemma 2.1 in |33| ) the coercivity 
of the linearized energy and thus: 

Ikllffi < X 2 E + 5(a*)\b\, 
which combined with (|2.32p implies (|2.3ip . □ 

The modulation equations can be sharpened under an additional L 1 control of 
the solution. 

Lemma 2.6 (Refined laws for H 1 solution with decay, |33j). Under the assumptions 
of Lemma \2. 51 assume moreover the uniform L 1 control on the right: 



Vt€[0,* ], / \e(t)\<6(a*), (2.33) 

Jy>0 

then the quantities J\ and J2 below are well-defined and satisfy on [0,io] ; 
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Law of A: let 

pi(y) 



(IQ) 

then for some universal constant c\, 



AQ, J 1 (s) = (e(s), Pl ), 



+ b + n lr-2[ (Ji) a + ~J. 



e l e 10 + \b\ 



o _ \v\ 

e e io 



(2.34) 



(2.35) 



P2 



Law of b: let 
_ 16 ( (AP, Q) 

" (JQf 



VIIAOH 



AQ + P-l I Q 



L- 



n, J 2 (s) = (e(s),p 2 ), (2.36) 



then for some universal constant c 2 . 



b s + 2b' + c 2 b- i + b[(J 2 ) s + l^J 2 



2 A 



ere io 



+ w 



(2.37) 



Law of -jp : let 



p = A Pl +p 2 , J=(e,p), 



then p £ y so that | J| < (J e 2 e i* )2 anc? /or cq = c 2 — 2c\ 



d 



ds \ A 2 



A 2 



1 A, 



2 A 



6 3 



'A 2 



(2.38) 



2.4. Weak i^ 1 stability of the decomposition. The geometrical decomposition 
of Lemma 12.51 is stable by weak H 1 limits. 

Lemma 2.7 (H 1 -weak stability and convergence of the parameters |26|). Let lt n (0) 
be a sequence of H 1 initial data such that 

Un(0) — u(0) G H 1 as n — > +oo. 

Assume that for some T\ > 0, t/ie corresponding solution u n of (jl.ip exists on 
[0, Ti], belongs to the tube T a * an d satisfies for all n, 

Vte[0,7i], 0<c<A n (t)<C, A„(0) = 1, x„(0) = 0. (2.39) 

Then, the H 1 solution u(t) of (jl.ip corresponding to u(0) exists on [0,Ti], belongs 
to the tube T a * an d 

Vt€[0,Ti], e n (t)^e(t), A„(t) -> A(t), x n (i) x(t), 6„(t) -> 6(t). (2.40) 

This lemma is similar to a result proved in Lemma 17 and Appendix D of [26], 
and we therefore omit the proof. 

2.5. Main monotonicity functionals from [33J. We now recall the monotonicity 
formula at the heart of the analysis in |33| and on which we shall heavily rely again. 
We refer to |33| for a further introduction to the natures of these functionals and 
the associated ridigity of the flow implied by (|2.54l) . 

Let (p,ip G C°°(R) be such that: 



<p{y) 



e y for y < —1, 

1 + y for -\<y<\ , <p'{y) > 0, Vy G R, 
y 2 for for y > 2 



^(y) 



g2j/ f Qr y < 

1 for y > — i 



^'(y) > Vy G R. 



(2.41) 
(2.42) 
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For B > 100 to be fixed, let 



^B 



and define 



M{s) 



j e 2 y (s,y)^ B (y)dy + J e 2 (s,y) VB (y)dy. (2.43) 

Proposition 2.8 (Monotonicity formula, [33J). There exist fi > and < k* < kq 

such that the following holds for B > 100 large enough. Assume that u(t) is a 
solution of which satisfies (|2.19|) on [0, to] and thus admits on [0, to] a decom- 

position (|2.20p as in Lemma \2. 51 Lei sq = s(to), and assume the following a priori 
bounds: Vs G [0, So], 
(HI) smallness: 

\\e( s )\\ L2 + \b( s )\+Af(s)<K*- 
(H2) comparison between b and A: 

\b(s)\+M(s) 



A* (a) 



< AC 



(2.44) 
(2.45) 



(H3) L 2 weighted bound on the right; 



^ ^( S ,^x<10(l + ^). 



Let for j G {1,2}: 



1 



e 2 Vs + e 2 (l + J,)</>b - 3 ((e + Qb) 6 -Qt- 6eQf) ^b 



with 



Jj = (1 - Jl)~ 4j - 1. 
TYien the following bounds hold on [0, So]: 

(i) Scaling invariant Lyapounov control: 

^+m/(4+- 2 )^<|6| 4 - 

(ii) Scaling weighted H 1 Lyapounov control: 



A 2 



(2.46) 

(2.47) 
(2.48) 

(2.49) 
(2.50) 



(iii) Pointwise bounds: i/iere holds: 

\Ji\ + \M < AAi, (2.51) 
N <Fj < M, J = l,2. (2.52) 

The integration of the modulation equations of Lemma 12.61 with the dispersive 
bounds of Proposition 12.81 implies the control of the flow by the sole parameter b: 

Lemma 2.9 (Control of the flow by b, |33|). Under the assumptions of Proposition 
\2.8l the following hold 

(i) Control of the dynamics for b. For all < si < S2 < sq, 

S2 b 2 (s)ds< [ (el + e 2 )(s 1 )i P ' B + \b(s 2 )\ + \b(s 1 )\, (2.53) 



si 



b(s 2 ) 6(si) 



A 2 ( 



S2 



A 2 ( S1 ) 



< 



C* 

To 



i 



6 2 (si) 6 2 (s 2 ) .■ / , ■-» 



B 



(2.54) 
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for some universal constant C* > 0. 

(ii) Control of the scaling dynamics. Let Ao(s) = A(s)(l — Ji(s)) 2 . Then on [0,sq 
(Ao) 



A, 



>s + b + Cl b 2 



ere "> 



+ |6|AA2 + \b\ 6 . 



(2.55) 



(iii) Dispersive bounds. For i = 1, 2; /or a// < si < S2 < so, 
M{S2) + r [I (4 + e2 )( s ^B + \b\Hs)\ d S <M( Sl ) + (\b 3 ( S2 )\ + \b 3 (si)\). (2.56) 

A/ '( S 2) , f S2 \ , _2W„v„/ , \ U 4f„\] ds <-M( S l) 



A 2 (* 2 ) 



+ 



(4 + e 



A 2 (s) ~ A 2 ( Sl ) 



|6 3 ( gl )| |6 3 (s 2 )| 
A 2 ( Sl ) ^ A 2 ( S2 ) 

(2.57) 



2.6. Localization in space of nondispersive flows. We now recall an important 
Lemma about the localization in space of nondispersive flows which will play a key 
role to initiate the estimates for the proof of uniqueness of minimal elements. This 
kind of uniform exponential localization bound which follows from monotonicity 
formulas was central in the derivation of Q as the universal blow up profile in [28J, 
and it is typically the first step towards Liouville type classification theorem of 
minimal elements, see also 1401. We have from Lemmas 4 and 5 in |28|: 



Lemma 2.10 (Decay on the right for concentrating solution |28|). Let u(t) be a 
solution of (jl.ip defined on (T, 0], which blows up in finite or infinite time — oo < 
T < 0. Assume 



J n 2 (0) < J Q 2 + a , 



(2.58) 



for ao > small enough and consider (X(t),x(t),b(t),e(t)) the decomposition of u{t) 
for t close enough to T . Assume further that 



u 2 (t,x + x(t)) 



Jx=0 



as t IT. 



If for some t\> T close enough to T, 

for allt 6 (T,ti), X(t) < l.lA(ti), 

then 

forally>0, \e{h, y)\ < e~%>. 



(2.59) 

(2.60) 
(2.61) 



3. Construction of a minimal element 

This section is devoted to the proof of the existence of a minimal blow up element. 
We propose a strategy of proof slightly different from the recent approach on the 
construction of non dispersive solutions in |35[ |25| |3T| [5j (6J [191 Ell [20] , mostly 
because this prepares the analysis of the (Exit) regime in Theorem 11.41 see also 
section IA.2I and Remark 13.21 below. 

The strategy of the proof goes as follows. We consider a well prepared sequence of 
initial data (u n ) with 

IWIl 2 < IIQIIl 2 an d n n(0) — > Q in H 1 , 

From Theorem ll.il such solutions are in the (Exit) scenario and we denote by i* > 
the corresponding exit time. The estimates extracted from [33] allow for a complete 
dynamical description of the (Exit) regime and in particular the defocusing struc- 
ture of the solution at t* . This explicit detailed knowledge allows us to renormalize 
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the flow and extract in the limit n — > +00 a solution v 6 C((i*, 0], H 1 ) which blows 
up at time t* < and has subcritical mass ||f||£2 < ||Q||l2. But then the global 
wellposedness below the ground state mass implies ||w||x,2 = ||(J||£2 and v is an H 1 
minimal mass blow up element. 

step 1 Well prepared data. Let u n (0) = Qb n (o)i where b n (0) = — ^ so that 
u n (0) GiC H 1 , u n {0) -> Q in H 1 as n -> +00. 

By f|2. 16|) . we have J it^(O) < f Q 2 . In particular, from energy and mass conser- 
vation, and the Gagliardo-Nirenberg's inequality (j 1 . 3 [) . the solution u n (t) is global. 
We now apply the rigidity Theorem 11.41 The solution is global so (Blow up) is 
ruled out. The solution cannot converge locally to a solitary wave because of mass 
conservation and the strictly subcritical mass assumption, hence (Soliton) is ruled 
out. Hence (Exit) holds and we define the exit time by 

t* = sup{t > 0, such that Mt' G [0,t], u n {t') £ T a *}- 

Note that i* — > +00 as n — > +00 from the continuous dependence of the solution of 
(jl.ip with respect to the initial data, and the fact that Q(x — t) is solution of (|l.ip . 
On [0,t*], u n (t) has a decomposition (A n , x n , b n , e n ) as in Lemma 12.51 with 

A n (0) = l, x n (0)=0, 6 n (0) = --, e n (0) = 0. (3.1) 

n 

Moreover, by the definition of t*, 

inf ||n n (t;)-A 1/2 Q(Ao 1 (. + x ))|| L 2=a*, (3.2) 

A >0, a'oGK 

so that by (pT22|) . 

a* < \\u n (t) - \- l ' 2 {t)Q{\-\t){. + x n (t))\\# < 5(a*)- (3.3) 
From Proposition 4.1 in [33], there also holds the monotonicity: 

V0 < ti < t 2 < t* n , \ n {t 2 ) > -\ n (h). (3.4) 

step 2 Structure of the defocalized bubble. From Lemma CZUl (|3.ip and (|3.2|) . 
we claim: 

Lemma 3.1. 

(i) Estimates on [0,i*]. 

Vt€[0,U -^7— < < ' (3-5) 



|i<^ <*(«*)• (3.6) 



(ii) Estimates at i* . For a// n, 



(a*) 2 < / 4(^) « -KK) < 5(a*), (a*) 2 < < f(a*), (3.7) 



n 



< c(a*) < < C(a*). (3.f 



(hi) Control of the dynamics on [0, t*]. 
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Proof. By conservation of the L 2 norm, for all t £ [0,ijj], 

J u 2 n (0) = J u 2 n {t) = J Q 2 + o(l) = J Q 2 K(t) + J e 2 n (t) + 2(e n (t),Q bn{t) ). 
Since (s n ,Q) = 0, using (|2,7p . we have 

\(s n (t),Q bn{t) )\ = \(s n (t)Mt)Xb n (t)P)\<\bn(tf s j e 2 n (t) + \b n (t)\ 1+1 s. (3.10) 
By ()2.16p . we thus obtain 

2b n (t)(P, Q){1 + 6(a*)) + J e 2 n (t) = o(l). (3.11) 

Next, by 

a* < \\b n (t* n ) Xbn{ t* n )P + e n (t* n )\\ L 2 < S(a*). 
Therefore, for n large, we obtain 

(a*) 2 (l + 6(a*)) < [ 4(C) « -bn(t* n ) < 5(a*)- (3.12) 



By conservation of the energy, arguing as in the proof of (|2.31|) . we have for all 
i €[<),£], 

X 2 n (t)E(u n (0)) = \ 2 n (t)E(u n {t)) = E{Q bn{t) + e n {t))>(Le n {t),e n {t)) 



£n{tW H x + o{l) 



> 

In particular, by (|2.17p . 

\Mt)fm £ X 2 n (t)E(u n (0))+o(l) « ^ + o(l). (3.13) 

We now have the fundamental dynamical information induced by the rigidity prop- 
erty ([232]) and the initialization H^H} : for all t G [0,t*], 

(1 + 6(a*))b n (Q) < M| < (1 - S(a*))b n (0) (3.14) 



and then by (f3T2t 



(«f<^<W (3.15) 



r? 



Finally, let us prove (|33D and (|33) . By (|235]) , we have 



(AonjtT r -rj 

A 0n A„ 



< /£ " e 2 " 10 + + K\) <^(Af n + K\ 2 ) 



By ([2~571l . (f3~Tj) . and then (pTI3j) . we have 

Kit) ~ X 2 (t) + A2(0) ~ 1 j A£(i*) • 
Thus, again by (|3.14p . 



which is (|3.9p . We integrate on [0,t*] and then divide by \o,n(tn) t° obtain: 
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and hence using (|3.15p : 

l-S(a*) ^ t* n ^ 1 + Sja*} 
bn(t* n ) X 3 n (t* n ) b n (t* n ) ' 

which together with f)3. 12[) implies fj3 . 8[> . □ 

step 3 Renormalization and extraction of the limit. Let: 



Vre [-T37^v°]' t T = t* n + T\ 3 n (t* 

A n\ l n) 



n ) i 



V n {r,x) = X n (t*)u n (t T , X n {t* n )x + x ifn)) ( 3 ' 18 ) 
1 

Xn{t^J r I \ ( » X n (tn) x(i* ) — x(t T ] 



so that u n is solution of (11,11) and belongs to the tube T Q * for r G [— . n , 0] . 
Moreover, its decomposition (A„ , x v , e v ) satisfies on [— V S , 0] 

\ / \ X n (t T ) . . x n (t T ) — X n (t n ) , . . . . . . . 

A *%0) = TTT^v x ^( r ) = T77^ ' 6 ^( T ) = 6 «^)' e ^( r ) = 

(3.20) 

By IdD and ([33]), we have 

Vreh-r^rr.O], ||e„„ (r) < *(«*). 



A„ n (0) = l, x„ n (0) = 0, (a*) 2 <-6,„(0)<5(a*). 

Therefore, there exists a subsequence of (v n ), which we will still denote by (v n ), and 
v(0) G i? 1 such that 

v n (fi) v(Q) in H 1 weak, and ||u(0) - Q\\ H i < S(a*). 

and, by dSTTJ) and (13~5D . 

- - l * n - t* > 0, -b n (t* n ) -> 6* > 0. 



n A3(t*) 
Moreover, by (j3. 17|) . 

1 -*(**> < r* < i±«. (3.21) 
6* ~ ~ b* y ' 

We let v(t) be the backward if 1 solution of (jl.ip with initial data w(0) at r = 0. 

step 4 Minimal mass blow up. We claim that v is a minimal mass blow up 
element ||f \\ L 2 = \\Q\\l 2 which blows up in finite negative time — r* with for r close 
enough to — r*: 

<I_ip < |K(T) | |l2 < fi^)). (3 , 2 ) 
Indeed, we integrate (|3.9p and obtain for t G [0,£*], n large enough, 

(1 " < W*) - A 0,n(0) < i^T) (1 + <*(«*))• 

We conclude from (13.2011 and the definition of t* : for all r G [r* , 0] , 

b*(r* + r)(l - <5(a*)) < X , Vn (r) - X 0;Vn (r*) < b*(r* + r)(l + «*(«*)). (3.23) 
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Let r G (-T*,0). Since from ([321), (1330]) : 

Ao,«„(tJ = t tt^t^O as n ->• +00 

and (1 - <5(a*)) < < (1 + 6 {a*)), we conclude from that for n large 

enough depending on To, 

Vr G [r , 0], 6*(r* + t)(1 - %*)) < A„» < b*(r* + r)(l + %*)), 

and 

^*(r*+ro)<A„ n (r). 

It follows from Lemma |2. II that u(r) is well-defined and A^ n (r) — >■ A 1) (r) on [ro,0]. 
In particular, v exists on (— r*,0] and for all r G (— r*,0], 

6*(r* + r)(l - 5(a*)) < A„(r) < b*(r* + r)(l + 6 (a*)), 

which together with (|3.2ip implies (I3.22p . Finally, we have by weak H 1 convergence 
J v 2 (0) < lim n _>. 00 J v 2 (0) = f Q 2 , and since v blows up in finite time, J v 2 (0) = 
JQ 2 . 

This concludes the proof of the existence of the minimal element, 
remarque ci dessous modifiee 

Remark 3.2. We may reformulate this proof by saying that understanding the 
minimal mass blow up scenario is in some sense equivalent to understanding how 
subcritical solutions initially near the ground state move away from the ground state 
and start defocusing, and here the sharp knowledge of the speed of defocusing is 
fundamental for the proof. Another approach for the construction of the minimal 
blow up element in the continuation of |35[ [25| l3T| [SJ |6j [191 E2] would have been to 
take the initial data Qb(t n ) a t some time t n \. with b(t n ) = t n and to obtain uniform 
H 1 bounds on the corresponding forward solution u n (t) to at a time to > 

independent of n using the monotonicity machinery of Proposition 12.81 and Lemma 
12.91 It is not clear to us whether a direct fixed point approach as in [3ll23l 12^ 1 [TU 1 111] 
is applicable here due to the poor localization in space of the minimal element. 



4. Sharp description of minimal mass blow up 

We now turn to the proof of uniqueness in H 1 of the minimal element. Let us 
stress the fact that uniqueness is always a delicate problem, in particular in the 
absence of suitable symmetries as in [3T]. As in [52], the first crucial information is 
to derive the blow up speed for all minimal elements, and here we shall use the a 
priori localization in space of minimal elements given by Lemma 12.101 which allows 
us to use the monotonicity tools Proposition 12.81 and Lemma [2.91 Once the minimal 
mass blow up regime is sufficiently well described, we may rerun the analysis of 
Proposition 12.81 for the difference of two such bubbles and conclude that they are 
equal, this is done in section [5j 

4.1. Minimal elements have the same blow up speed. Let u(t) G C((T, to],!! 1 ) 
be a general backward critical mass blow up solution, i.e. a solution of (jl.ip such 
that 

J u 2 (t) = J Q 2 , (4.1) 

defined on (T, to] and blowing up in finite or infinite time: —00 < T < to and 

lim 1 1 its (t) 1 1 1,2 = +00. (4.2) 
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From standard concentration compactness argument^ and using the mass and en- 
ergy conservations, u(t) or —u(t) satisfies (I2.18P and (|2.19p for t close to T, with in 
addition 

IkiWIln 1 ° as t ->■ T 
thanks to the minimal mass assumption. 

Therefore, without restriction, possibly changing the value of to, up to scaling 
and phase translation and possibly considering —u(t) instead of u(t), we assume 
that the solution u(t) admits on (T, to] a decomposition 

/ \ 1 , „ .fx — x(t) 

u(t, x) = ^—(Q b{t) +£)[t, 



as in Lemma [2.51 with 
and 



A(io) = 1, x(t ) = 



Vt€(T,t ], \b(t)\ + \\e(t)\\ m <a*. 
As in Lemma |2.5| we introduce the rescaled time 

"*° ds 



s(t) 



A 3 ' 



(4.3) 
(4.4) 

(4.5) 



Recall that s(T) = — oo from a standard argument (see e.g. [28J). 

Our aim in this section is to derive sharp qualitative bounds on u(t). In particular, 
we prove that the blow up time is finite, T > — oo, and we specify the blow up 
speed and the behavior of the concentration point which are essential preliminary 
informations on the singularity formation. 

Proposition 4.1 (Sharp bounds), (i) Finite time blow up: There holds 

T > -oo. 

(ii) Sharp controls near blow up time: there exist universal constants c\, c x , cj> and 
t = t(u) < 0, x* = x*(u) G R such that, for t close to T, 

X(t) = \l*\(t — T) + c x \t\\t -Tf + O [{t - T) 4 ] , 



x(t) 



f*\2 



(t-T) 



+ x* + c x £*(t -T) + Q[(t -Tf 



Kt) 



+ c b (e)\t-Tf + 0[(t-Tf 



M{t)<{t-Tf. 
(hi) Estimates in rescaled time: for \s\ large, 



^ 2 (s) < 



iktoiii- <\m\\m< a 2 , . 

J— oo J \ s \ 



+ 



A 



~ i 1 3 ' \ b s\ < | |2 j 
\S 2 | S | 



,. . 1 Ciloglsl Cn f I 

o(s) = — H n 1- — + o ( — I as s — > -oo 



2s s 2 s 2 \ s 2 



(4.6) 
(4.7) 

(4.8) 
(4.9) 

(4.10) 
(4.11) 
(4.12) 
(4.13) 
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for some universal constants (c*,c|) 6lxK, 

(iv) Global forward behavior: the solution is globally defined for t > T, u £ 
C((0,+oo) x R) and for some C(t), j(t) > 0, 

Vt > T, Vx > 0, \u(t,x)\ < C(t)e-^ t)x . (4.14) 

(v) Time decay of weighted Sobolev norms: For \s\ large, 

^( S ,y) e ^)y d y<^. (4.15) 



isl 2 ' 



For all < lu < j^, for \s\ large, 

3 s 4 

£ I (d k y e) 2 (s,y)e^dy + I I (d k y e)\s,y)e^ dyda < ±- (4.16) 

\\m 2 yy + (e i ) 2 y )(s)e^\\ L ^<^. (4.17) 

Remark 4.2. The constant I* in (|4.6p depends on the solution and the scaling 

u(t,x) i y u\ (t,x) = Aq ti(Agt, Ao^c) leads to 

t(u Xo ) = \lt{u). (4.18) 

Proof of Proposition \4-l\ step 1 Entering the monotonicity regime. Our aim is to 
apply Proposition 12.81 and we need to show that (HI), (H2), (H3) hold on (— oo, so]- 
The finite or infinite time blow up assumption (j4.2|) is equivalent to: 

lim A(s) = 0. (4.19) 

s— >— oo 

Recall also that by (03]), and fl2~3"T]) . 

b(s) < 0, < E < 5(a*), (4.20) 

1*001 + Ms)\\h < A 2 (s)^o < \ 2 (s)5(a*). (4.21) 
It therefore remains to prove (H3) i.e. decay on the right of the data, and smallness 
of M. 

From (|4.19p and (I4.2ip . we have the non dispersion property of minimal elements: 

u 2 (t,x + x(t)) (^j Q 2 ^j5 x=0 &st->T, (4.22) 

which allows us to apply Lemma [2.101 to u(t). However, X(t) may a priori develop os- 
cillation^, and we therefore introduce from (|4,19p the sequence s\ n — > — oo defined 
by 

A( Sl n ) = 2~ n and X(s) < \{s 1>n ) for all s < si, n . (4.23) 
By direct application of Lemma 12.101 we obtain 

Vy>0, Vn>l, \e(s ltn ,y)\<e-&. 
Therefore, for a suitable choice of A and (I4.2ip . 

/ y 10 e( Sl , n ) < A 10 [ e 2 (s liTl ) + f y w e~% < S(a*). (4.24) 

Jy>0 J Jy>A 

A similar argument together with (|4,2ip ensures that N{s\ in ) < 5(a*). It follows 
that the solution satisfies at Si jn the estimates (HI), (H2), (H3) of Proposition 12.81 
Moreover, from an standard continuity argument on (jl.ip . we may consider a max- 
imal forward time s* > -a priori depending on n- such that the a priori bounds 
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recall that (|2.60|) is an essential assumption for the proof of Lemma 12.101 
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(HI), (H2), (H3) hold on [s 1>n ,s*]. 

step 2 Closing the bootstrap. We claim that: 

s* = So independent of n. 

This follows from the monotonicity of the scaling parameter induced by the estimates 
of Proposition 12.81 We claim: 

Vsi,n < si < s 2 < s*, l.lA(s 2 ) > A(si). 
Indeed, we recall that 

AqO) = A(s)(l- Ms)) 2 , 

satisfies from (I2.5ip : 



A 
Ao 



1 



\Ji\<^<S(k*), 



and from (|2~34"|) : 



(Ao), 



Ar 



+ b 



< / e 2 e-^ + \b\N* + \bf 



(4.25) 
(4.26) 

(4.27) 
(4.28) 



Using b < 0, we obtain for all s E [si,n> Sq], 

Aqs 



> -C I e 2 e~™ 



Ao 

and thus by integration, from (I2.56P (applying Lemma l2.9p . and (|4.2ip . 



log 



Ao(«2) 



> 



si 



*2 



e 2 e -^ > _J( a *) 



(4.29) 



.Ao(si). 

and (j435|) follows. By (j435|) and (|4T22|) . we apply Lemma [241] to obtain 

Vs G [si, n ,s*], Vy > 0, \e(s,y)\ < e~x. 

As before, this decay estimate together with (|4.2ip allows us to improve (H1)-(H2)- 
(H3) on [si >n , s*], so that s* = sq independent of n. 

We may therefore let n — > +oo, si ifl —> —oo and conclude that (HI), (H2), (H3) 
hold on (— oo,so]- The solution is therefore in the monotonicity regime described 
by Proposition 12.81 and Lemma [2.91 on (— oo,so]- 

step 3 Rigidity and computation of the blow up speed. We are now in position 
to compute the blow up speed. We claim the key non degeneracy: 

M<o(x% |£-r-|£ 

for some constant I* > 0. 

Let C* > be the universal constant in (|2.54p . Let us first remark that there exists 
a sequence s n — > — oo such that 



0(A 3 



(4.30) 



Vn > 1, b(s n ) < -C* J (4 + e 2 ) {s n )ip' B . 



(4.31) 



Indeed, assume for the sake of contradiction that there exists a time s* < sq such 
that (recall that b < 0) 

(4.32) 



Vs< S *, \b(s)\<C*J (el + e 2 )(s)^ B . 
Using (jOg)) . Ij021t and ([2T56]) . we have 



Vs < S* 2 , 



log 



Ms) 

A (4) 



4 + e 2 ) (s)<p' B ds < 1 
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but together with (|4.27p . this contradicts the blow up assumption: 

A(s) — > as s — > — oo. 

The sign b < concludes the proof of (|4.3ip . 

Inserting (|4.3ip in ()2,54p yields the fundamental rigidity: 

Vn > 1, Vs n < S < Sq, 2^tt-, r < . „ . ; < 



A 2 (s n ) - A 2 ( S ) " 2A 2 (s n )' 
We conclude using b < and A(sq) = 1 that for all s < sq, 

< |i < MM < 0. (4.33) 

By (H3), dUg]) and IfOI]) . we have lim_ £X) .A/ = 0. Using ([2~56|) . we have, for 
si < s 2 



r.s 2 




e 2 + e Vb^ < AT( S i) + \b i (s 1 )\ + |6 3 ( S2 )|. 



'Sl 



Thus, passing to the limit s± — > — oo, and using (|4.2ip . 



M(s 2 ) + 

From (|2.38p . we have 



S-2 



{e 2 +e 2 )^ B ds<\b\s 2 )\<\\s 2 ). 



d 



— T^e +CQ—r 



b 3 



ds \X 2 

Letting s\ — > — oo in (|2.57p ensures: 

r-s 2 ^ 



A 2 



1 



ere "> 



A 2 



(4.34) 



(4.35) 



(4.36) 



Next, by d2~30]) . IfOBjl : 



A 2 2 A 2 ^ \X 2 
so that by integration by parts and (|2.29p . 



e 2 e-w +\b\' 



-oo 
and thus 



A 2 



1 b 2 {s) _ 1 
4A 2 (s) ~ 2 



6 2 A, 



+ 0(A 4 



1 b 2 (s) 



, A 3 
s b 3 lb 2 (s) 



A 2 



It follows by integrating ([4.35P and using (|4.33p that 

lim A 

s— >— oo A 



2A 2 (s 
sing (j; 

(a) = r < 0, 



4A 2 (s) 
+ 0(A 4 ). 



1 /" s 6 3 



and more precisely, using |J| < M 2 < A 3 , 

A 2 2 A 2 

step 3 Finite time blow-up. 
From (gjg)) and (f23Tj) . we have 



:;^IA ; i + ^(l- e ^)<0(A 3 ) 



(4.37) 



(4.38) 



A = A + O(AJi) = A + O(XM^) = A + 0(A 4 ) 



(4.39) 
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and then by (p35|) . (PHI) . 

,3(^0)* _ (An). 
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-A 



An 



-- r- -^b + Cl b 2 +N + 0{\b\N* + |6| 3 ) 

* \2 1 „/ e*\2 \4 



^A 2 + c(r) 2 A 4 + 0(A 5 ), 
where c denotes here and thereafter various universal constants. Hence 

-(\ ) t = t + c(n 2 X 2 o + 0(X 3 ). 



(4.40) 



For t close to T, we obtain (An)t > -j > and thus An vanishes backwards at some 
finite time 

T > —00; 



in particular, the solution blows up in finite time. Moreover, integrating (|4.40p on 
(T,t] for t > T close to T, using (EL"39|) . yields 

X(t) = A (t) + O [(t- T) 4 ] = \t\(t — T) + c\t\\t -Tf + O [(t - Tf] . 

Together with (14341 . (|4T5D|) . this concludes the proof of fl3~SJ), (|4U|) . 
We now integrate the modulation equation (|2.29p for the blow up point: 



x t 



and thus using (|4.6p : 



A 2 A ~ A 2 



x t (t) 



l + 0{b 2 +N?) 



A 2 



[1 + 0(A 3 )] 



1 



2cT + 0(t — T) 



y £*) 2 (T-t) 2 
which implies (|4.7p by integration in time. 

step 4 Sharp estimates in rescaled time. From (|4.6p : 

" i0 (it 1 



*(*) 



r (i + o(t-r)). 



„ \£*\ 3 (t-T) 3 (l + 0((T -t) 2 )) 2\£*\ 3 (t-T) 2 

From step 3 and (|2.29p - (|2.30p . we thus get the following estimates in terms of the 
variable s: 

A(«) = 1 i=, M(s)+[ S l(el + e 2 W B da<^ b(s) = ±±^l (4 .41) 



2s 



As 
A 



\b(s)\+MHs] 



s 



+ b 



+ 



X s 

X 



< — 

\S\ 2 



(4.42) 



and \b s \ < r^, so that ([4~TD]) and (|4TT2"j) are proved. 

Now, we prove (|4.13p . We rewrite the sharp modulation equation (|2.37p for b as: 



|(6(1 + J 2 )) s + 26 2 + c 2 6 3 |< |( e ; + e VB + ^ + ^W3< j { el + e 2 )^ B + -L. 



Let 



then equivalently: 



6 = 6(1 + J 2 ) = 6 + 



s 2 



s 2 



(4.43) 



b s + 26 2 + c 2 6 ; 



< 



1 



\S\ 2 



24 Y. MARTEL, F. MERLE, AND P. RAPHAEL 

If C2 < 1, let 60 = — 1) otherwise let 60 = —\joi- In order to integrate this differential 
inequation, we let 

for some universal constant cq G R. Then, 

A- F (b) = -1 + o (s 2 J (4 + e Vb + j^j • (4.45) 

By (|2.57|) with s\ — > —00, we have 

s 2 N{s) + f a 2 / + £ 2 )(a)yVa < i. 

J— 00 J \ s \ 

Therefore, integrating (|4.45p on [s,sq] and using (|4.44D : 

F(S W ) = -^ + «)l + ci = - S + 
2o(s) 4 




which is easily inverted to get: 

2s s z s z 




for some universal constants c\ , C2 . The estimate (|4.43p now implies (|4.13p . 



step 5 Global existence for t > to- Recall that for all y > 0, |e(so,y)| < e _ 2o. 
Thus, u(t) has exponential decay in space on the right (x > 0), in particular, 
J x>0 x 10 u 2 (to) < 00. From this fact and since u(t) has critical mass, we conclude 
from Theorem 11.21 that u is globally defined for t > Iq. Since Q has exponential 
decay at 00, the exponential decay (|4.29p obtained on e translates into exponential 
decay on u (|4.14p . Finally, it is proved in [13] that a solution of (gKdV) equation 
with such exponential decay on the right is smooth, i.e. u G C°°((0, +00) x R). 

The proofs of (|4.15p and (|4.16p - ([4.17p are given in Appendix A. □ 

4.2. Sharp description of S{t). We conclude from Proposition 14. II that the min- 
imal element constructed in section [3] satisfies the following sharp bounds which 
conclude the proof of statements (i) and (iii) of Theorem 11.31 



Corollary 4.3. There exists a solution S G C((0, +00), H 1 ) n C°°((0, +00) x R) to 
(jl.ip with critical mass \\S(t)\\ L 2 = \\Q\\l 2 such that: 

\d x S(t)\\ L 2 ~ !AQh^ as 1 10, (4.46) 




S(t,x) - \q I ' * ' - ) -^0 m L l as 1 1 0, (4.47) 

Vx>0, |5(l,x)| < e" 7X (4.48) 
for some universal constants (c, 7) G R x R*j_ . Moreover, 

±( inf jS(t)-Q Xo (.-x )f L2 ) =4t(P,Q)+Oit 2 ). (4.49) 
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Proof of Corollary \4-3\ Let v(t, x) be the minimal mass blow up solution constructed 
in section [3] with finite backward blow up time T < 0. Let I* = £*(v) and x* = x*(v) 
be the constants corresponding to v in Proposition 14. II From the invariances of the 
equation and Remark 14. 2| S(t) defined by 

S(t, x) = (t)-^v (t + T, (£*)-*x + x*) 

satisfies equation (jl.ip . and the estimates of Proposition l4~T1 with £*(S) = 1, x*(S) = 
and S blows up backward at the origin in time. In particular, there exist e(t), 
b(t), X(t) and x(t) such that 

S(t, x) = * [Q m + e) (t, ^=^) , (4-50) 



b(t) = -t 2 + 0(t 4 ), A(i) = t + 0(t 3 ), x(t) = -- + ct + 0(t 2 ) 

Mt)\\v J (e~^ + i»>o(y)) (4 + ff2 ) < * 6 

We now prove (|4.4Tj) . Since 



(4.51) 
(4.52) 



1 , .-x(t). 
-e(t, 



we are reduced to estimate 



\e(t)\\ L 2<t, 



1 / .-s(t) 



4q 

t2 



I? 



A5(t)^ /A(i) 1/1 
Qft(i) - — l-f-x+-l- + ct + x(t) 



t.2 



L- 



<Ut)\-* + 



A(i) 



+ 



and (|4.47p is proved. 
Let (see (|430|) ) 

A(t)= inf B ||5(t)-Q Ao (.-x )||i a = i inf J|Q 6(t) + e(t) - Q Al (. - a*} 

Ao>0,a;oGK "' Ai>0,a;iGR 



|2 

II 2 



Let Ai(i) and xi(t) realizing the infimum in the definition of A(t). (The existence, 
uniqueness and regularity of Ai(i) and x\{t) follow by standard arguments.) 
Note that by extremality of Ai and x\, 

J (Q b +e-Q Xl (.-x 1 ))^(.-x 1 ) = 0, J (Q b+£ -Q Xl (.-x 1 ))^(.-x 1 ) = 0, 

(4.53) 

and by \\S(t)\\ L 2 = ||Q fe + e|| L 2 = ||Q|| L 2, 



(Qb + e) — (Q b + e) = 
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so that 

1 d t , v 
--if 
2dt w 



f (Q b + e- Q Xl (- ~ xi)) + e) - - *i) + . 

-/ Qx 1 {.-x l )^ t {Q b + e) = - j Q Al (.-zi) (^t^ + et) 

y (Q Al (.-x 1 )-Q-(A 1 -l)AQ). 



(.-X!) 



&t / Qai(- - Xi) 



dQ b 
db 

where we have used at last J eQ = J eAQ = 0. 

To estimate this term, we now claim that from (|4.53f> and (|4.5ip . (|4.52p . 



|Ai - II < 



l x i| ^ 



J (Q b + e-Q)AQ 
J (Qb + e-Q)Q' 



< if- 



(the extra smallness of |xi| is due to (P, Q') = 0). Using bt ~ —2t and the equation 
of Et (after integration by parts, and using (|4.5ip and (|4.52p ). we obtain 



l±A(t) = 2t J PQ + 0(t 2 ). 



□ 



5. Uniqueness 

We prove in this section the uniqueness statement, i.e. part (ii) of Theorem 
11.31 The stategy is to rerun the monotonicity machinery of Proposition 12.81 for the 
difference of two solutions. The reintegration of the obtained Lyapounov functional 
backwards from blow up time using the detailed a priori bounds of Proposition \4-l 



will yield that the difference is zero. The proof is delicate and the reason is that like 
in |52j . we only have a finite order expansion of the approximate solution and the 
error, and therefore one must be extra careful when reintegrating the differences of 
modulation equations which requires very good dispersive controls on the difference 
of two solutions to close the estimates. 



5.1. Reduction of the proof. We consider S(t,x) = u\(t,x) the minimal mass 
blow up solution constructed in Corollary 14.31 Let U2 (t) be another minimal mass 
solution of (jl.ip which blows up in finite time. From Proposition l4.il U2(t) is defined 
on a maximal interval of time of the form (— oo, T) or (T, +oo) for a finite time T. 
By time translation invariance, we may assume that U2(t) is defined on (0, +oo) and 
blows backwards as t I 0. Again from Proposition 14. 1| estimates (|4.6p - ()4.16p hold 
for U2(t), for some t*(v,2) and x*{u2). Using scaling and translation invariances (see 
Remark 14. 2p , we assume further that the limits as defined in Proposition 14.11 are 
equal: 

t{u 2 ) = t(S) = 1, x*(u 2 ) = x*(S) = 0. 
The uniqueness statement reduces to 



(5.1) 
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Let us consider for U\ and u 2 the decomposition of Lemma 12.51 near the blow up 
time: 

1 

Ei(s,y) = Xf (s)ui(ti(s), Xi(s)y + Xi(s)) 

where ti(s) satisfies -4^ = A?. By time translation, we can assume s £ (— oo, —1] for 
ti are close enough to the blow up time t = 0. Then £i satisfies on (— oo, —1] xl, 

(ei) s - (Lei) y + bikei = Ti{KQ bt + A^) + Xj(Q 6 . + e^y + ^ - (i2j(ei)) ys 

with 



(Ai 



+ 6», -Xi 



(a?i) { 



1, 



% = V bi - (bi) s ( Xbt + jy(XbJ y ) P, ^>b being defined in (j2J3|), 
i2i( ei ) = 5 (Ql - Q A ) e t + ( e< + Q b J 5 - 5Q^ - Q| r 
We form the difference 

e0,y) = e 2 (s,y) - ei(s,y) 
which satisfies the orthogonality conditions (|2.2ip and the equation: 

(A 2 ), 



e s - (Le - e b ) y = TKQ b2 + X(Q b2 ) y + ^^Ae + E + F y 



(5.2) 



with: 



r = r 2 -r!, b = b 2 -h, x = x 2 -x 1 , 

E = (r - 6)Aei + rxA(Q b2 -Q bl ) + (* a - 
F = X!(Q fe2 - Q 6l ) + X 2 e + Xei - R 2 {e 2 ) + Rx{e x ) + e 5 . 
For B as in Proposition ^. 81 we consider 100 < B < jqB, large enough (in the next 
lemma, we need B large, so we take a possibly larger universal B in Proposition ^. 8p . 
We define the norms: 



(5.3) 
(5.4) 



A7( S ) 



77- 



\oc{S) 



^ 2 (s,y)(f'- E (y)dy. 



We key to the proof of uniqueness is the following Proposition which revisits 
Proposition 12.81 for e: 

Proposition 5.1 (Bounds on the difference). For \s\ large, there holds the bounds: 
(i) Refined control of b: Let 

■h = (e,p 2 ) 

with p 2 given by (|2,36p . Then, 



\J2\<M~\ 



d_ 

ds 



s 2 b + 



■h 
2s 



<s 2 e 2 e~To + +\ s \?\b\ + \s\^Af 2 . (5.5) 



(ii) Refined bounds: let 



then: 



iksiey- 5Q 4 e 2 - ) + ip^e 



(s,y)dy + 



(5.6) 

e x ^ye 2 (s,y)dy, 



77 + 1 



e X2V e 2 <F<M+ ' 



e^e 2 . 



(5.7) 



Moreover, there exists [i > such that, for \s\ large, 
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f s (s^)+^J (el+e*)^<\s\^. (5.8) 

Remark 5.2. The first term in the definition of T in (|5.6p corresponds to a refined 
combination of viriel estimates and monotonicity properties which was used in |33j 
(see also Proposition 12.81 of the present paper) . Unfortunatly, the scaling term of 
the equation of e, i.e. the term As, produces bad apriori lower order terms 
which prevent us from closing the estimates as in |33j . To control these terms we 

have to add to the definition of T the second term —7= f e^ 2V e 2 which is a lower 

VN J 

order corrective term. Note that this term is scaling invariant and thus it does not 
produce such bad terms. 



The next two sections are devoted to the proof of Proposition 15.11 

5.2. Proof of (i). We start with the control of the modulation parameters and the 
proof of the improved bound ()5.5D . 



step 1 Modulation equations. We start with computing the modulation equations 
and claim the bounds: 

1 



r| + |*|<( le 2 e-^Y+¥\, (5.9) 



(e,L(AQ)') 



IIAQII 2 



L 2 



: I e*e~ l 4 + M, (5.10) 



1 



j 4, 1 ( f 2 4 V , \ b \ 



\bs\ < J e 'e~TU + — I J £ z e-To j + j^J. (5.11) 

Indeed, we compute the modulation parameters V, X using (j5.2|) and the orthog- 
onality conditions (|2~2T|) . We argue like for the proof of (|2T2"U|) . (pOUj) (see |33j ) 
taking the scalar product of the equation of e by AQ and then by yAQ. We obtain 
first 



|r| + \X\<[ I e 2 e~^ ) 2 + \b\ [ \h\ + \b\ + |ri| + \X 1 \ + ( [ e 2 e~^ 



.2 - l -L \ 2 



ere w 

N < J e z e~™ + ^ 7 + |6| I \h\ + |6| + |ri| + |Xi| + ( / e z e~™ 

Next, using estimates IfOOjl - lfOH]! for £ X , we find JOJ and (f5TTTj) . 
Note that estimate (|5.9p can be improved into 

r (e,^(AQ)') 




l|AQII| 2 
which is ([5~T0]) . 

1 

step 2 Proof of (i). The estimate \Jz\ < AT 2 follows from the properties of p 2 - 

^ _M 
I/02 1 ^ lj/>0 + e 10 l y<0 . 

We now turn to the proof of the refined equation of b. We claim the bound: 

1 

\b s + 4b 2 b + b 2 (J 2 ) s \< feV^ + ^ + ii (5.12) 

J \s h |s| 2 



BLOW UP FOR THE CRITICAL GKDV II 29 



which follows from combining the following two estimates: 

M\ f 



r | if e 2 e 10 ) iii 

\b s + 4b 2 b-b 2 (e,(Lp 2 y)\< /eVW + A + W (5.13) 

■/ I s 1 2 I s 1 2 

1 

i(j 2 ) s +(e,(W)i< / eV ^ + fr + ^- ( 5 - 14 ) 

Assume (f5Tl3|) . ([5Tl"4"|) . then from (f5Tl"4"|) : 

and expanding 62 in (|5,12|) according to (|4.13p yields (|5.5D . 

Proof of (|5.13p . Taking the scalar product of the equation of e by Q, we obtain 
(using LQ' = 0) 

= j- s (e,Q) = T(AQ b2 ,Q) + X((Q b2 ) y ,Q) + iMi(A £) Q) 

+ (E,Q)-(F-e 5 ,Q'). (5.15) 

Using the definition of Q b in (l2J0]l . we have \(AQ b2 ,Q) - (AP,Q)b 2 \ < \s\~ w , 
and thus using (|5.10p . we obtain 

e, L(AQ)') ~~ - ^ fA " mi 



r(AQ b2 ,Q)-6 2 (AP,Q) ||Ag 



r-^j II 1 I I O ~T 



L- 

Similarly, since |((Q& 2 ) y , Q)| < \s\~ 10 , using ([53]) . 



II '119' ^ 



|X((Q 62 )„Q)|< 



Now, we compute (E,Q). By the expression of and the formula ((10P 2 Q 3 )' + 
AP,Q) = §||Q||£ 1 , we have 

(* 6a -*6 1 ,0) = ~MIOIIii+o(^)- 

Next, using the expression of $6 and (P,Q) = 

(* 4a -«6 1 ,g) = -^lig|lii + o(^). 

Thus, 

(* 2 - *i, Q) = "^IMlii (6- + 46 2 6) + O (J£) . (5.16) 
Since (Aex,Q) = -(e\,AQ) = and (using (|4.12j) on £1) 

irxCACQfe -Q 6l ),Q)| < |s|-i|6|, 

we obtain 



(E,Q) = -^\\Q\\l (b s + Ab 2 b) + O \-^\ 
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Now, we compute (F — e^,Q'). First, since |Xi| + IX2I + / |ei|e 10 < \s\ 2, we 
have 



\XiiQbz - Q bl ,Q')\ + \X 2 (e,Q')\ + \X( £l ,Q')\ < 



\y 



J e 2 e 10 



3 

\s\ 2 



+ J*L 



\S\ 2 



Second, we estimate (R 2 (e 2 ) — Ri(ei), Q')- From the expression of i?j(ej), we observe 
that 

I-R2O2) -i?i(ei) -206 2 PQ 3 e| 

< \R 2 (e 2 ) - R 2 (si) - 20b 2 PQ 3 e\ + |i? 2 (£i) - «i(ei)| 

<| e |(| s r 10 + N + M) + HN, 

and so by (|4.1ip . 

|i2 2 (e 2 ) - Rx(ex),Q') - 20b 2 (e, PQ 3 Q')\ < 



We have thus obtained for this term: 



|((F-£ 5 )„Q) + 206 2 (^ J PQ 3 Q / )| < 



3 

\s\ 2 



c 9 _M\ 2 
J e^e 10 

s 2 



,3 

■S 2 



+ 



K 

1 1 3 

S 2 



Inserting the above computations into (|5.15p . we obtain: 



b s + 4b 2 b 



16 



IIQII 



Li 



(AP,Q) 
l|AQ|| 2 



(e,L(AQ)') + 20(e,PQ d Q / ) 



, , 2 — M 
< / e 2 e 10 + 



9 \ 2 
e e 10 



3 

s 2 



L2 



,3 
S 2 



Using the following computatiorH from |33j . proof of Lemma 2.7: 



(e,(L P2 )>) = -\\Q\\l 



(AP,Q) 



e,L(AQ)') + 20{e,PQ 3 Q') 



MQWh 

we obtain (|5.13p . 

Proof of (|5. 14p : To complete the proof of (|5.12p . we take the scalar product of 
the equation of e by p 2 . We obtain first: 

Ts J2 + ^T^' Kp2 ^ = (Lp 2 )') + T{KQ b2 ,p 2 )+X{(Q b2 ) y , P2 ) 



Note that 



(A 2 ) s 



A 2 



+ (E,p 2 ) + (-F + e 5 ,p' 2 ). 
(A 2 ) s 



< 



A 2 



(|J 2 | + |(e,^ 2 )|)< 



Using the orthogonality (AQ,p 2 ) = (see |33|). and (|5.9p . we have 
\T(AQ b2 ,p 2 )\ = \Tb 2 (P Xb2 ,p 2 )\ 



< 



2 _iM \ z \b\ 



which of course motivates the definition of pi in (I2,36|) , 
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and similarly using (Q,p 2 ) = 0: 



e 2 e-^Y + \b\ + 77* 



\X((Q b2 ) y ,p 2 )\ + \(E,p 2 )\ + \(-F + e 5 ,p' 2 )\ < A Z_ + j e 2 e -W 5 

and (|5,14|) is proved. 

5.3. Proof of (ii). The functional T in (|5.6p is defined similarly as in Proposi- 
tion [231 for a parameter B large enough but smaller than 5/10 where B is used in 
Proposition 12.81 



step 1 Coercivity of T . The upper and lower bounds (|5.7p on J 7 follow from 
the coercivity of the linearized energy J e 2 + e 2 — 5Q 4 e 2 under the orthogonality 
conditions (|2,2ip together with standard localization arguments. We refer to the 
proof of Proposition 3.1 (iii) in |33| for example for more details. 



step 2 Proof of (15. oj) . We now turn to the proof of the monotonicity (15. o]) . We 

decompose J 7 = -| t=.F2 with 

vM 



77 



4 - 5Q 4 e 2 - ) + ^ 



and claim the monotonicity formulas for |s| large enough: 



+ mi / < + O </4 < rr + rr / |y|e" * (5.17) 



I VI 



y<0 



dF2 + 7kl eX2V{£2y + £2) -I £2e ~ 4 + & (5 ' 18) 



(is 

Assume (|5.17p . (|5.18p . then for |s| large: 

d ( , ,3 \ 3. .1 2 ^ T- I 1 2 ^ T- 

— sj^i + s 2-^2 = 2sJ-i - - s 2^2 + s —F\ + S 
as V J 2, as as 



j/<0 '" 



<-p lS 2 J {e 2 y + e 2 )^-p 2 \s\ j ' e^e 2 + C\s\^b 2 + C\s\ J \y\ 
+ C|s|5 j e 2 e~™ 

<-f^ 2 / (e 2 y +e 2 )^-p 2 \s\ J e^e 2 + C\s\^b 2 + C\s\ J |»| 



e s e . 



Then, for < K < pi/(4C) and |s| large enough, 



_\y\ o 
e b e z 



_ki 9 
e as 



C| 8 |/ |y|e-^e 2 = C\s\! \ y \ e - l 4e 2 + C\s\ [ \y\ 

Jy<0 J ns<y<0 Jy<KS 

< C/ts 2 A7 loc + C|s| sup (\y\e~™) / 

y<Ks V ' J 

< ^ 2 A7 loc + f|s||e^% 2 , 
(s 2 ^ + | S |lj- 2 ) + ^s 2 f{e 2 y + e 2 W B + f |s| | e^% 2 < 



and thus 
which implies (|5.8p . 
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step 3 Proof of (|5. lTj) . We compute the time derivative of T\ using fj5.2|) : 

= J (Le-e 5 ) y + TAQ b2 +X(Q b2 ) y + ^^Ae + E + F y 

x [-i//g£y + if^(Le -s 5 ) + (vs- ilfjg)e\ . 
We now estimate all these terms similarly as in the proof of Proposition 3.1 (i) in 

E3- _ 

- First, we claim that for B large enough, for some /ii > 0, 

J {he - e 5 ) y [-ifey + ip£j(Le - e 5 ) + - if^e] < -/UiMoc- (5.19) 

The proof is mainly based on local virial estimates for e and explicit computations 
similar to the ones for the term f[ l \ of the proof of Proposition 3.1 in |33| . Here, 
computations are similar and easier than in [33]. We sketch these computations and 
estimates for the sake of completeness. 

By explicit computations (mainly integrations by parts, see |33j for more details), 
one gets 

J (Le - e 5 ) y [-^e y + ^(Le - e 5 ) + (^ - ife)e] 

+ J (l5Q* £ 2 + ^eA (<p'- s -ip! s ) + J 20Q 3 Q'e 2 (^-<Pz) 

+10 J ifey {4Q'Q 3 e + (Q 4 + e 4 ) e y ) 

-J ^{(5Q 4 e + e 5 ) 2 -2(5Q 4 e + e 5 ) (-e yy + e)} 
= I< + T + I> 

where I < >'^> > respectively corresponds to integration on y < — \y\ < y > ^- 
In the region y > B/2, we have ip^(y) = 0, and thus, 

I> = - [ - Wb4 + fofe - + / _ f 15 ^ 2 + \A v'b 

Jy>B/2 Jy>B/2 \ 6 J 

+ I _ 20Q 3 Q'e 2 (l - <pg). 

Jy>B/2 

Using ip'-^ < ^xtp'-g, the exponential decay of Q and ||e(s) ||i<» < — (apply (|4.10p 
to E\ and 82), we obtain for B large enough and |s| large enough, 

Jy>B/2 U \ y/\a\ B J Jy>B/2 " 2 J y> B/2 B 



In the region \y\ < B/2, we have <p-g(y) = 1 + y/B, if^(y) = 1 and ip'-^ = ip^ = 0. 
Thus, 



r = -= [ _ [3£ 2 + e 2 + 15QV - 20yQ 3 Q'e 2 ] +~ f _ 



2" 
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From Lemma 3.4 in |33j (local virial estimate), for some \x > and for B large, 



[ _ [3el + e 2 + 15Q 4 e 2 - 20yQ 3 Q'e 2 l > fi [ 



1 



(4+- 2 )-= - 



and by HeH^oo % \s\ 2 , J, s e 6 < \s\ 2 f s £ 2 , so that for B large and |s| large, 



2B 



_ (e 2 + e 2 ) + ^ 



e e 2 . 



In the region y < -B/2, we use V§ < =r^> ^ ^ f^, V% ^ ^B"' the 
exponential decay of Q and (^(s^Il 00 < - 7f=j to obtain as before, for B large enough 
and |s| large enough, 



^ Jv>B 2 



>y>B/2 

Gathering the estimates for I > , I~ and I < , we get (|5.19D . 

- Next, arguing as for estimating an d fi \ m the proof of Proposition 3.1 of 
33l. we find 



r J AQ b2 l-^ey + ^(Le -e 5 ) + (ipz- ^)e] 



<7^M oc + C^, (5.20) 



< 



100 
100" 



M\ oc + C- 



(5.21) 



x J (Qb 2 )y [-^B £ y + - e5 ) + (^s - ^b) £ ] 

Indeed, using the following algebraic facts 

(AQ, e) = -2(Q, e) = 0, (e, yAQ) = (e, AQ) = (e, j/Q') = 0, LQ' = 0, 
the exponential decay of Q, I62I < — 7= an d integrating by parts to remove all 
derivative from e, we obtain 



[-^2/ + - e 5 ) + (ipg - iPz)e] 



j iQb 2 )y [-^E y + i^(Le - e 5 ) + (<p 



B VB) 



< 



< 



_Z 1 
e 10 + 



_s 1 
e 10 + 



AT 2 

• /V loc' 



Thus, using (|5.9|) . (|5.2U|) and (|5.2ip follow for B large and |s| large. 

At this point, B is fixed and thus B in Proposition 12.81 is also fixed. B and B are 
universal constants. 

- The next term is similar to fo'^ in [33J. We have using the properties of ij^ 
and (pjj and (|2,29p . 

(A 2 )s 



J Ae [~(^B £ y)y + fs £ ~ V^(5Q 4 e + e 5 )] 



2 A 2 



From (|4.9|) . (|2.29|) and (|4.13p . we have for s large 



34 

and thus 



Y. MARTEL, F. MERLE, AND P. RAPHAEL 



1(A 



2 s 



2 A 2 

Eventually, we have proved for s large: 
(A 2 ) s 



J \ s \ Jy<0 



A 2 



J Ae [-(ipB £ y)y + ^b 8 ~ V^(5Q 4 e + £ 5 



<7^ / \y\e~^e\ 



100 



-2\,J 



c 



?/<o 



We now estimate terms coming from E and F. For this, we will need higher order 
Sobolev estimates on e\ and £2 coming from Proposition 14.11 Since B < from 
(ETTB1) and (jHU), we have, for all < w < for i = 1, 2, 

3 s 4 

£ / (d k y e t ) 2 (s,y)e^dy + f fl [ { d y £ ^f {s,y)e^dyda < ±- (5.22) 



l)Jy + fe)J) (s)e»V\\ L 



*«||r«, < _ 



(5.23) 



- Estimate for E. In view of the expression of E in (|5.3p . the first term to estimate 



is 



(r - b) j hs x [-ifey + i/>s(Le - e 5 ) + (tpg - ^)e] 



< 



< 



< 



\b\ + 

Mi 
100 

Mi 
100 



9 La 
e e 10 



(e 2 y + e 2 )^ + Cb 2 J {{e x ) 2 yy + ( £l ) 2 + e 2 ) ei y dy 
r 52 



{^l) 2 yy + (^) 2 y + 4)y 2 ^B 



using (|5.9|) . integration by parts, and then (|5.22p . For the next term, we need to 
estimate A(Q b2 — Q bl ). From Lemma 12.41 we have 



Qb 2 - Qh = bPxb 2 + hP(Xb 2 ~Xh), 



and using f|4. 13|) : 



\Xb 2 ~Xh\ 



bz 



61 



dXb 
db 



db 



/ 1 ,Ah-b 2 \ 
$ sup|yx |- 



Thus, \Qb 2 — Q bl \ i$ Arguing similarly, we obtain: 

\(Qb 2 - Q bl ) y \ + \(AQ b2 - Q bl ) y \ + \K{Q b2 - AQ bx )\ < \b\ (l y<0 + e~ 
Using (|5.24p and estimates for T\ from Proposition 14.11 

J ri A(Q b2 - Q bl ) [-ifey + ^b{Le - e 5 ) + (^ - 



(5.24) 



~ ,3 loc 

\s 2 



100 
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Next, from the definition of and (see Lemma El]) , ([531]) . ([2~30]) . ([¥33]) : we 
have 



I* 



_ki . 



l(ftl) a ||&l 
l&ll 



lj/<o + e io 



< 



I 



e e io + 



2 — ^ 

e z e io 



+ H I (l»<o + e 10 



and similar estimates for the derivatives of these terms. In particular, we obtain 



|*2 - I'll + |(*2 - + |(*2 - 



VV 



< 



e e io + 



9 _M \ 2 

e e io 



+ I (Vo + e 10 



L y <o + e io 



(5.25) 
(5.26) 



Thus, 



J (* 2 - * i) [-fe + - e 5 ) + (^ - ^b)e] 



In conclusion for £7, we have obtained 



J E [-^ey + i^(Le - e 5 ) + (^ - ^)e] < ^ f (e 2 y + eV* + C 
Estimate for i 7 . Similarly, we easily get the following three estimates 



x i J (Qb 2 - Qbjy [-^'-B £ y + ^M Le - e5 ) + (<P 



B fB 



< 161 jr* < m "AT, + r 6 

~ TTT-™ loc ~ YOO ' 



S 2 



^2 /" e„ [-^j/ + ^b(^£ - e 5 ) + (<^b - ^b)£ 
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x j ( £ ±)y [-^B e y + ^b( L£ - ff5 ) + i'PS - ^b) £ . 

i 

(el + e 2 )^) 2 ( [ [{e x f m + ( ei )J + e?) el y dy 



-f I / eV W 



The remaining nonlinear term for F is estimated using the Sobolev bound (|5.22p . 
We decompose the nonlinear term as follows 



R 2 (e 2 ) - R^x) - e 5 = F X +F 2 



where 



Fx = R 2 (ei) - fli(ei), F 2 = R 2 (e 2 ) - R 2 {e x ) - e 5 . 
Using the expression of Ri and ||£i||l°° < l s l", we have 

m) y \ + |(-Fi) ra | < |b| (| £l | + |(ei)„| + Keigl + |(ei) ra |) , 
so that by (lfT23l) . 

+ \(Fi)yy\) e* < |&| (N + + |(ei) w |) + j^iU 

Thus by Cauchy-Schwarz inequality and (|5.22 j) : 

(l(^i)vl + l(^i) w l)e*(|e| + k w |)^ 
< \b\ J [(\ei\ + |(ei) y | + |(ei) w |)e* + |(ei) v |] e*(|e| + | : (/ | 

.b 2 



< 



< 



Ml 



We decompose -F2 as follows 

F 2 = 5(Qi 2 - Q 4 )e + lOQl (e\ - e\) + 10Q 2 b2 (e| - e\) + 5Q b , 2 (ej - ej) 
+ £ 2 -el-e 5 

= e [5(Qt 2 - Q A ) + 10Ql 2 (e 2 + ei) + WQ 2 b2 (e| + e x e 2 + e?) 
+5Q b2 (^ + e\e x + e 2 e\ + e\) + (4 + £^1 + 44 + £ 2ef + £ X )] 
Therefore, by suitable integration by parts, we have 

/ (F 2 ) y [~^ £ y + ^{Le - e 5 ) + - ^)e] 
<|6 2 | J(e 2 y + e 2 )^+ f(el + e 2 ) Vls (\e l \ + \e 2 \) 

J i=l,2 

These terms are next treated as follows: 



C\b 2 \j{el + e 2 )^<^j{el + e^ 
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and using (|5.23p . ^ an d the notation y + = max(0, y): 

J(el + e 2 )^(\e l \ + \e 2 \) 
< Mioc (lki(l + + ||e 2 (i + \v+\)h°°) 
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J (4 + ^ 



Finally, using ^-g- < <^e s and (|5.23p : 



i=l,2 

< ||(N + + + |(e<) w |) e*|| ioo J (e 2 y + e 2 )^ 

The collection of above estimates yields the bound: 

| F„ [-^ v + ~ e 5 ) + - 1>g)e] < ^ |(e 2 + e Vb + C 



step 4 Proof of (|5.18p . We compute the time derivative of Ti using (|5.2p : 
ldJs _ (A 2 ) a f A22/ 2 



2 ds 



ye ZM e 



(A 



(Le - e 5 ) y + TAQ fe2 + X(Q b2 ) y + ^^Ae + F + F y 

A 2 



e A2 %. 



Since J Aee A:2 % = — 5A2 / e 2 ye X2V , the scaling term cancels. By usual integrations 
by parts, we get 



2 ds 



= "^A 2 J ey™ - \\ 2 (1 - X 2 ) J e 2 e^ + ^A 2 J 
+ J (-10Q 3 Q y - fA 2 QVe A2S/ + J [TKQ b2 + X{Q b . 2 ) y + E + F y ] e A2 %. 



Using A 2 ~ 7== , llelliDo < A and the decay properties of Q, we get for Isl large, 
V 2 1 S I 11 



2 ds 



y [rAQ b2 + X(Q b2 ) y + E + F y ] e A2 % 
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Now, we estimate the remaining terms. First, from ([5.9p . and the definition of Q b , 



r J AQ b2 e x ^e + X j (Q b2 ) y e x ™e 



< C 



2 -M\ 2 . |6a| 
e e 10 + -4== 



Second, we estimate terms coming from E. Since 



we get 



(r - 6) y Ae ie A2 % 



eiAee A2?/ - A 2 / ye^e^, 



< 



e^e-w) + |6| J I l(el+e 2 )e^y 



We estimate the term in £x using Proposition 14. 1\ for some < uj < w' < j^, using 
A2 > ^§Ai for \s\ large, 



y 2 e?e A ^ < / y 2 e 2 1 e X2y + / /r'-7< 

?/<0 ^S/>0 



2-2 _wj/ 



^ sup 



y<0 



we obtain 

(r - 6) / A £l e X2y e 



y 2 e^> Xiy 



y<0 



< l.sl 20 



< C / e 2 e ^ 



y>0 



y<0 



+ / ^<| S |-io, 
y>o 



eVw ) +|6| 



\e 2 y + e 2 )e x *y 



For the second term coming from _E, we use (15. 24ft and \Ti\ < t-t, so that 



fi / A(Q fe2 - g bl )ee 



rs^ I I 

\ s \ \Jy<0 



| e | e ^ + ( / £ 2 e -W NJ 



2/<Q 



100 y 7 Isl 
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For the last term in E, we use (|5.25p and argue similarly: 



j (*2 - ^i)se > 



< 



\ 

A 2 



9 _M 
e e 10 + 



(/ 



9 _M 



+ 



l&l 



A 



/ 



\e\e X2V + 



9 _ki 
e e io 



Now, we estimate terms coming from F. Arguing as before, since |Xi| < and 
using (|5.24p . we obtain 



Next, since IX2I < — ^y, A2 < |s| 2 , by integration by parts 
|s|? 



|6| : 



X 2 / e„ee A2i/ 



<1 

9 



eV 2 ^ < 



100 



Then, by ((52} and (I^ToT) 



< 



e 2 e 10 I + 



|6| 



< 



\2_ 

100 



Finally, we decompose i?2( £ 2) ~~ ^i(^i) — £ 5 as follows, using ^ |s| 2 an d 

N < \»\"\ 

\R 2 {e 2 ) - Ri(ei) - e 5 \ < \R 2 {e 2 ) - R 2 {ei) - e 5 | + |i? 2 (^i) - Ri{ei)\ 

_\y\' 



1 1 y 1 \ 1 1 y 1 

< |e| Q|&2| +e-Toj +|6||ea| < M" 1 ^ + \e\e~ To + |6|| £l |, 
and thus, using also (|4,15p . we estimate the last term coming from F as follows: 

j {R 2 (e 2 ) - i?x( £l ) - e 5 ) (e y + \ 2 e) 



<n /(4+ £ V 22/ + 



e 2 e 10 + |6| 



The collection of above bounds yields f|5. 18[) 



5.4. Conclusion. We are now in position to conclude the proof of uniqueness (|5.1 
First, recall that the following estimates from Proposition 14. II as s — > —00: 



\ S \ IS 2 



b = o 



(5.27) 
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We moreover estimate from ([4.15p . f|4. 6() : 

[e^e 2 < [e^el + \<[ e~^4+f \ei\ 2 + \ 
J J s Jy<0 Jy>0 s 

1 



< 

~ 9 - 

S5 



This yields in particular from ([5.7p the bound: 



^<-7^- (5-28) 



S 2 +i% 



Recall from (|5.5p and (|5.8p (using J e 2 e io < J\f 



loc/ 



-^-( S 2 JF) + f 1 » 2 Ar, t , c <|«|S6 2 . (5.29) 
as 



It follows that for .fTo > large enough, using also (|5.27p . 



d_ 

ds 



js 2 [ b+ ^+ K o jr ^ ^ \ s \^\ b \ + \s\*7?* + s^b 2 < \a\*\b\ + |s|iA^2 . (5.30) 



We now observe from ()5.27p . (|5.28|) the a priori bound: 

s 2 (\b\ + ^ + t) -)■ as -oo. 
We then integrate (|5.29p on (— oo,s]: 

s 2 Hs)< f \*\^b 2 (a)da< f a% 2 (a)-^ < * ( sup a 2 \b(a 

J -oo J -oo (J 10 S 10 \(— oc.s] 



2 



so that 



\s\^Hs)<—w sup a 2 \b{a)\. (5.31) 

S 20 (-00, s] 



Next, by integration of (|5.30|) on (— oo,s] and (|5.7[) and (|5.27p . 
s 2 Us)\ < \s\\J 2 \+s 2 T+ I* (\a\^\b\ + \a\^)da 



da f s , ,z i da 



< \sW-* +s ^+ / |6|kl 2 ^+ / WW 



2 



oo Icjl 2 J —oo \a 4 



< sup {a 2 |6(a)| + |(7|W((7)}. (5.32) 

S 4 (-oo,s] ^ J 



Putting together (|5.3ip and ()5.32p . we get 



2 |o(s)| + |s|W(s) < A" sup {a 2 |6(cj)| + <tM(ct)} . (5.33) 

Isl 5 (-oo.sl 



|s| 5 (— CC,«] 

This give immediately for \s\ large, by (|5.7p . 

|6(s)| +AT(s) = and thus e(s,y) = 0. 
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Therefore, for some t > 0, U2(t) is a rescaled and translated of S(t) and thus for all 
time by uniqueness of the Cauchy problem in H 1 . This concludes the proof of (|5.ip 
and Theorem 11.31 

6. Description of the (Exit) scenario 

This section is devoted to the proof of Theorem 11.41 The argument relies on the 
generalization of the compactness argument of section [3] and the uniqueness up to 
symmetries of the minimal element. 

6.1. Reduction of the proof. The heart of the proof is the following proposition 
which describes the defocusing bubble in the (Exit) regime at the exit time: 

Proposition 6.1 (Compactness of sequences of solutions at the (Exit) time). There 
exists a small universal constant a* > such that the following hods. Let (u n (0)) 
be a sequence in H 1 satisfying: 

(1) u n {0) e A; 

(2) |K(o)-Qllffi < b 

(3) the solution u n £ C([0,T n ), H 1 ) of (jl.ip corresponding to (un(0)) n>1 satis- 
fies the (Exit) scenario, i.e. for all n > 0, 

t* = snp{t > such thatW £ [Q,t], u n (t') £ T a *} < T n . (6.1) 

Then, there exists r* = r*(a*) (independent of the sequence u n ) such that 

Al (t* n )u n (C \ n (t* n ) ■ +x n (t* n )) -> A|(r*)5 (r*, A 5 (r*) • +x s (r*)) in L 2 (6.2) 
as n — > +oo. 

Observe that Theorem 11.41 is a direct consequence of Proposition 16.11 

6.2. Proof of Proposition [fiTTl The strategy of the proof is similar to the proof of 
existence of Theorem 11.31 in section However the initial data in section [3] are well 
prepared and in particular generate H 1 bounded sequences after renormalization, 
see (|3.6p . Here the H 1 bound is lost, and one needs to invoque a concentration 
compactness argument in the critical L 2 space for sequences of solutions to (jl.ip to 
recover a non trivial weak limit. 

step 1 Renormalization. Let C* > be the universal constant in (|2.54p of Lemma 
12.91 Let t* be the exit time (|6.ip , and consider the associated decomposition of the 
flow given by Lemma 12.51 It follows from the proof of Theorem 1.2 in |33J, Section 
4, that there exists < t\ n < i* such that 

b n (t* 1>n ) < -C* j ((d y e n ) 2 + e 2 n ) (i? in y B (6.3) 

with 

b n(t*i, n ) ->• as n oo. (6.4) 
This time corresponds to the one where the (Exit) regime is decided, and at this 
time t\ n the solution has moved only <5(||u n (0) —QWh 1 ) f ar horn the data. Without 
loss of generality, we rescal^ u n so that 

Uttn) = 1- (6-5) 



this is a size one rescaling at t* . 
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Define 

Vre[T*,0], t T = t* n + rXl(t* n ), T * = --^- 

A nV'n) 

and consider the renormalized flow at the exist time t* : 

i 

v n (r,x) = \%{t* n )u n (t T , \ n (t* n )x + x(t* n )) (6.6) 

*Ut*n) (n KK) X(t* n )-X(t r ) \ 
~— \Qb n (t T ) +gnj \ t T , -r X + — — . (6.7) 

Then v n is solution of (11.11) and belongs to the I? tube 7~ a * for r £ [— > , 0], 
Moreover, its decomposition (A^ , x v , e„ ) satisfies on [— , 3 V r , 0]: 

= TTTTv = T77^ ' bv "( T ) = h n[U), e Vn {r) = e n {t T ). 

(6.8) 

step 2 Preliminary estimates on the renormalized sequence. We claim: 
Lemma 6.2. There exist b* , t* such that, possibly extracting a subsequence, 

-b n (t* n )^b*, (a*) 2 <b* <S(a*). (6.9) 

-r*, (l-5(a*))<T*b* <(l + 5(a*)). (6.10) 



A n(*n) 

Moreover, for all n large, r G [r* , 0] , 

A„„(0) = 1, x„„(0) = 0, |6„„(r)| <<5(a*), (6.11) 

\Mt)\\v + | < 5(a*), (6.12) 

A« n (r*) = 7— t ^ asn^ +oo, (6.13) 

(1 - 5(a*))6* < (A ,,J r (r) < (1 + «5(a*))6*, (6.14) 
1 

gfrnfat) ~ 7 *\ ~^ ~°° asn^+oo. (6.15) 

Proof of Lemma \6.£X Arguing as in the proof of Lemma 13.11 using conservation of 
mass and energy of u n (t), we first obtain 

(«*) 2 (1 + 8(a*)) < -b n {f n ) < S(a*), (6.16) 

¥n{t)f H l < \ 2 n (t)E(u n ) + 0„^+oo(l). (6.17) 

Also, using Lemma |2.9| 



(1 - S(a*))b n (tl n ) < < (1 + 5(a*))b n (tl n ) (6.18) 

Kit) 

and thus, by (|6.16p . (|6.17p and the definition of t* n , 

(Q * )2 <A 2 (t*)< *W (6 19) 

Next, by Lemma 12.91 for n large, 

M n {t) < M n {tl >n ) + |6 n (t)| 3 + |M*i,J| 3 < S(a*). (6.20) 

^| < M^J + + \b n (tl n )f < M n (tl„) + 6(a*)\b n (tl n )\, (6.21) 
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and 



(l-*(a*)) 



(Aon)*(t)<(l + 5(a*))J 



(6.22) 



A nV r rJ A nV r rJ 

By definition of v n , we obtain (|6.11|) . (|6.12|) . (|6.13p and (|6.14|) from the above 
estimates and (A ,«„)r(r) = A£ (i* )(A ,„)i(t r ). 

Now, we prove (|6.15p . Integrating the estimate of (Aou n ) r) we obtain 

(1 - 5(a*W(r - <) < X , Vn (r) - X 0jVn (r*) < (1 + %*))&*(r - <) 

Finally, since (a;« n ) T ~ tt^ — , we obtain by integration of [t*,0] and x v (0) = 0, for 
n large, 

~ x v n { T n) = x v n (fy ~ x Vn\ T n) 
and ()6,15p is proved. □ 



1 1 



step 3 Monotonicity estimates. We now claim the following bound on v n which 
will allow us to recover H 1 bounds in the limit: 

/ (d x v n ) 2 (0,x)dx<l. (6.23) 

Jx>-\l(t* n ) 

In fact, we prove the following estimate on s Vn {^S) which, implies readily (j6.23p . 



/ 



(6.24) 



(d y s 2 Vn+ s 2 Vn )(0,y)dy<S(a*). 

Iy>-2\2(t* n ) 

Proof of ([6.24p . We perform monotonicity estimates on e Vn . We define <f> 6 
C°°(R), such that 

e y for y < — 1, 



<Kv) 



1 for y > — i 



%)>0, Vj/SK, 



and we consider ?/> defined as in (|2.42p . In particular, 

\f\x)\ + \<l> n {x)\<<f/(x), + W\x)\ <tf{x), VxGM. 

Let 



(6.25) 
(6.26) 



4>B(s,y) = 4> 



'y+\{s-s*) 



B 



4>B(s,y) = i> 



'y+\{s-s*) 



B 



^(s) = j (d y e Vn ) 2 4>B + elj B - l - {{e Vn + Q b f - Q 6 b - 6e Vn Q 5 b ) B 



Note that 



Vy > -— , <Pb{s,v) = 4>B(s,y). 



(s,y)dy. 
(6.27) 



We claim the following which is proved in Appendix [ 
Lemma 6.3. For B large enough, 

% £ v n ) 2 - 7 / {(d y £v r + :f.„ -'<■'/; 
+ £(«*) /((V0 2 + 4Vb + C|6^| 4 , 



(d y s Vn ) 2 0B + e 2 (p B <Fb< (dy£ Vn ) 2 4> B + ejL>B 



(6.28) 



(6.29) 
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We integrate (fOH|) on [r*,0] and then use (f236|) : 



A3(r) 

< / (d y e Vn ) 2 (T*)fo + elS<)<t> B +N Vn «) + |M0)| 3 + \K n (r*)\ 3 
<S(a*). 

And thus, by (|6.29p and the definition of (f>s, <j>B, since 

dr f° dr 11 



we finally obtain 



/ ((a^j 2 + 4.X0) < / ((v«n) 2 + 4)(o) < (6.30) 



step 4 Extraction of the limit. Since ||v n (r) — Q||ia < <5(a*), there exists f (0) G 
L 2 and a subsequence still denoted (v n (0)) such that 

w n(0) — v u(0) in I? weak as n — > oo. 

Moreover, by properties of the weak convergence, 

\\v(0)\\ L 2<\\Q\\ L 2, |K0) - Q\\ L 2 < 5(a*) (6.31) 

and since A n (i*) — ► oo, it follows from (|6.23p that 

u(0) G J? 1 . 

Let 5o > small enough, c>o < 5 where 5 is defined in Theorem 12.11 (i). We 
consider a* small enough, but universal, such that 

\\v n (0)-v(0)\\ L 2<^, (6.32) 

In order to exhibit a non trivial weak limit, we decompose the sequence (v n (0)—v(Q)) 
into profiles according to Lemma [2.21 there exist 

W n (0) = </!,< i:m '[\{v[< ;j - x: ^)[ 

and w^(0) G L 2 such that (up to a subsequence) 
J 

v n {0)-v(0) =J2UI{0) +w^{0), lim limsup||e-^^(0)|| i5Ll0(RxR) = 0, 

(6.33) 

J 

K(0) - «(0)||| 2 - £ ||^(0)||| 2 - ||^(0)||i 2 = o n (l). (6.34) 
i=i 

Moreover, by weak convergence f n (0) — 1 v(0), we have 



and thus, 



«(0)(« n (0)-u(0))=o n (l) 



>(0)Hi> - lb(0)||i 2 - £ ||^(0)||| 2 - ||^(0)|| 2 2 = o n (l) (6.35) 
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In particular, by (|6.33p and (I6.35p . v(0) is interpreted as the first profile J7° of the 
decomposition of v n (0) with = gi t Q, i° = and A° = 1. By ([6.32H and ([6.34p . for 
n large, 

T,\\ u ^°)\\h + \\^mh^s(an<§. 

3=1 

Define Un{r) and w^(t) the (global) solutions of the nonlinear equation (jl.ip 
corresponding to the initial data Un(0) and w^(0). Let To < be such that v(t) 
exists on [ro,0]. We claim that, for n large, v n exists on [ro,0] and 

J 

u n ( T )-v(T)-J2ui(T)-wJ(T) =0. (6.36) 
3=1 L2 
Indeed, (|6,36|) is a by now standard corollary of the perturbation Lemma 12.31 (see 
e.g. Proposition 2.8 in [8]), In particular, there exist no > 1 and Jo > 1 such that 
for n > no, 

Jo 



lim lim sup sup 

rw+oo j_> +00 re[TOi0 ] 



3=1 L2 
and thus, for all r € [to,0], 

\\v n (r) - v(t)\\ L 2 < \\UI(t)\\ L 2 + ||<(r)|| i2 + 5 < 5 < ±\\Q\\v, (6.37) 

3=1 

choosing now 5q small but universal. In particular, let A be such that, for all 

T € [0,T ], 



L 



\x\>A 



v 2 (t, x)dx < 



100 



Q 2 



and thus from (|6.37p : 



Now, recall from (|6.15p that x n (r* 
large enough, — x n (r*) <C A and thus 



/ V 2 n (T, X )dx<^- [Q 2 . 
J\x\>A J 

-> — oo as n — > oo, and in particular, for n 



J ^v 2 (r*,x)dx >^Jq 2 



We conclude that necessarily tq > r* for n large enough, and thus 

To > — r* = lim r* 

n 

where we recall (|6.10p . It follows that v(t) blows up in finite time t*(v) > — r* = 
lim n r*. Since ||u(0)||x,2 < ||Q||l 2 an d w (0) S H , we have \\v\\ L 2 = ||Q||l2. In 
particular, by weak convergence, and lim n _ >00 ||^ n (0)||^2 = ||u(0)||^2, we obtain 
lim-^oc [|un(0) - v (0)|| L 2 = 0. 

From the uniqueness statement in Theorem 11.31 there exists Ao > 0, xq G M and 
To such that 

v(0) = \Is(t*,X x + x ). 

Moreover, since 

A„(0) = 1 = X^Xsir*), x v (0) = = x s (r*) - x , 

we get 

v(0) = xI(t*)S(t*,X s (t*)x + x s (t*)). 



46 Y. MARTEL, F. MERLE, AND P. RAPHAEL 

From the definition of t* and then L 2 convergence, we have 

a* = inf \\u n (t* n ) - Q Xl (. - xi)\\ L 2 = inf \\v n (0) - Q\ t (. - xi)\\ L 2 
= inf ||S-( r *)-Q Ai (.- Xl )|| i2 . 

Xl,xi 

Using (j4.49j) . for a* small enough, the value of r* does not depend on the subse- 
quence chosen but only on a* . In particular, all the sequence converges to the same 
limit and the proposition is proved. 



Appendix A. End of the proof of Proposition 14.11 

In this appendix, we finish the proof of Proposition 14.11 by proving (|4.15p and 
(|4,16|) - (14.17p in the framework of Proposition 14.11 For the reader's convenience, we 
recall the main estimates proved at this point on e and the parameters b, X,x: for 
|s| large, 



Hs)\\l~ < Ms)\\m < 



1 



Cl(uo) < A(.) < b(s) 



1 

2? 



J — oo J \ s \ 



A 



+ b 



+ 



A 



~ i ,1 ' l^ s l ~ I „|2 • 
\S 2 M 



(A.l) 

(A.2) 
(A.3) 



A.l. Proof of (|4.15p . Since u(t) is a minimal mass blowing up solution and A(s) is 
increasing for |s| large, from Lemma 12.101 and then using the properties of Q b (see 
Lemma l2.4p . we obtain for \s\ large, 



Thus, by (jA~Tl) . 



Vy > 0, \e(s,y)\ < e 



lim / e 2 {s,y)e x ^ y dy = 0. 



(A.l) 



(A.5) 



Now, to prove ([4.15p . we compute the time derivative of f e 2 e Xy . Using the 
equation of e (see (|2.24p ). we have 



- — / e 2 e Xy ± 



2ds 



ye Xy e 2 + / e s ee 



J ye Xy e 2 + J (Le) y ee Xy + (*± + bj J AQ b ee Xy + ^ J eAet 
+ (y - l) J (Q b + e) y ee Xy + J <S> b ee Xy + f V b se Xy 



(R b (e)) y ee Xy - / (R NL (e)) y ee Xy . 



Since f eAee Xy = — ^A f e 2 ye Xy , the scaling terms cancel (this is because the quan- 
tity is scaling invariant). Next, using (|A.3p . we have: 

2 



(Le) y ee 



: A / e 2 y e Xy - ±A(1 - A 2 ) J e 2 e Xy + j (-10Q 3 Q' - f AQ 4 )eV 



<~ f{e 2 y +e 2 )e Xy + CN Xoc , 
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X + &) / AQbee^l + |(x _1 ) / KWi^ 



< 



< 



I I 3 
S 2 



i i 3 
S 2 



eV w ) + |6| ( / e^e 



1 1 

+ 



i i 3 
■S 2 



£ 2 e A ^ 



~ 100 



x-i) hv^ Xy 



A 



e 2 e x y 



< 



100 



e 2 e x y. 



<5> b ee Xy 



<\hs\ [ \P\\e\e x y<-^( I ' P 2 e x y 



e 2 e Xy 



< JL 

\S\ 4 



Using (glHl) (recall 7 = |), 
^ b ee Xy 



<\b\ Z * 



< JL 

~ I \i \ I , ,-3 

s 4 \yy<-H ? 



2|6| _ l<y<— 



e|e Ay + |6| 2 / |e|e Ay + |6| 2 / |e|e 



y<o 



y>0 



r' f /'.~vv"V . 1 



y<0 



e 2 e Ay I + < 



5 1 A 



\ \ s \ 2 \ s \ 4 y 

Next, since |-Rb(e)| = 5|Q^ — Q 4 ||e| < l&lkli we have 



100 



e 2 e A ^ + 



C 



(R b (e)) y ee x y 



R b (e)(\\e\ + \e y \)e Xy 

<|6|/(4 + e 2 ) e ^<A| (4 + e 



2 j_ ^ e A2/_ 



Finally, since 
we get 



|-Rnl(e)| < ||e|U«»(||e||i« + H + e"")|e|, 



(i? NL ( £ ))^e^ 



< 



< 



J i?NL(e)(A|e| + |e v |)e 

i [(el + e 2 )e x y< 
s 2 7 



A 

Too 



The collection of above bound ensures 



ds ./ ~ Isl 3 



which integration on (— 00, s] using (IA.5[) yields (|4.15p . 



48 Y. MARTEL, F. MERLE, AND P. RAPHAEL 

A. 2. Proofs of (|4.16p — (|4.17p . Note first that by standard arguments, 

|| ((d 2 e) 2 + (d y e) 2 ) (s)e»y\\ Loo < J ((d 3 y e) 2 + (d 2 e) 2 + (d y e) 2 + e 2 ) (s,y)e^dy, 

and so it is sufficient to prove (|4,16p . 

The proof is similar to Section 3.4 in [25] and involves some computations origi- 
nally introduced in |13j . To prove (|4,16p . we need only rough bounds on e and it is 
therefore simpler to decompose 

e + Qb = £ + Q 

which satisfies: 

8 s e + d y (d 2 e - e + F(e)) = y (AQ + Ae) + (y " l) (dyQ + 9 y i), (A.6) 

with 

F(e) = (Q + e) 5 - Q 5 . 
From (jA.ip , ()A.2p and Qb — Q = bP\b ( see Lemma I2.4p we have the following 
estimates on e: 

[|e|| L «» < [ e 2 e-w < _L (A.7) 



From (|A~2]l . 

y e 2 (s)^ B + J j\e 2 y + e 2 )(a)<p B da < ^ 
and thus, since \b(s)\ < A, for |s| large, 

| £ ~ 2 ( S )^ + jf* | (e 2 + e 2 )(a)<p B da < ^ (A.8) 

Moreover, since «(t) is a minimal mass blowing up solution and A(s) is increasing 
for |s| large, from Lemma [2. 101 and then using the properties of Qb (see Lemma [2. 4p . 
we obtain for |s| large, 

Vy > 0, |e(a,y)| < e - ^ and so My > 0, |e(s, y)\ < e~%> . (A.9) 
In particular, it follows that for all < oj < j^, 

lim / i 2 (s,y)e uiy dy = 0. (A.10) 

s— >— oo J 

step 1 We claim that for all < u < y^, for |s| large, 

1 £ 2 (s,y)e^ciy + ^ | (i 2 y (a,y) + e 2 (a,y)) e^dyda < ±- (A.ll) 



Define 



Ho(s) = ^ j e 2 (s,y)e^dy. 



Then 
d_ 

ds 



+ 'A 



J i s ie"y = - J (-i yy + g- F(s)) (ee^) y + y J (AQ + Ae)ee' 
- l) y (Q' + E y )ee w » 

y £ 2 e^-^(l-^ 2 ) J e 2 e^ + y F(e)(ee^ 



+ ^ y A*** - ^ y <w + - 1) / ^ - 1(5 - 1) y 



l) I ' e 2 e"y. 
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First, by decay properties of Q and since ||e|| 2 oo < r-r (by (|A,7P ). for \s\ large, 



F{e){ee»y) 



< J(\e\Q± + \ef)(\e y \ + \e\)e»y 



Second, by|%-| + |^- — l|<-rr, the decay properties of Q and (|A.7p 



^ / AQee"* 



+ 



y - 1 ) / Q'ee uy 



5 < 1 

~ 1.12 



TTRr ( A - 12 ) 



Finally, for i < cj" < cj < u/ < 4r, and then using ([A. 10)) . 



< 



e 2 y 2 e^ 



100 



a 2 - 



In conclusion, we get 
d TT < w 



J (e 2 y + e 2 ) e^dy + C J (e 2 y + e 2 )ip B + 



C 



2 ' 



Integrating on (— oo,s], using (|A.8|) and linis^-oo Hq(s) = by (lA.lOp . we get 
(jA.lip . In particular, for some sequence s n — > — oo, 



Jim / e 2 y {s n ,y)e^dy = Q. 



(A.13) 



step 2 We claim that for all < uj < j^, for \s\ large, 

J e 2 y (s,y)e" y dy + J* J e 2 yy (a,y)e^ 'dyda < i (A.14) 



Define 
Hi(s) 



[i 2 y (s,y)+e 2 (s,y))e^ 



6 ^ 6 



Then, 



ds 



e s (-£yj / + e-i ?, (£))e' 



= -|/ (-f w +e-F(e)) 2 e^-a; | (-e w + e- 
+ y y (AQ + Ae) (-iyy + e- F{e)) e uy + /" (AQ + Ae»' 

< -w y - W (l - ±u; 2 ) J e 2 y e^ - oo J F(e)(e y e^) y 

+ ^ y (AQ + Ae) (-e yy + e- F{e)) + u^- f (AQ + Ke)e y e^ 
s --l) J(Q' + e y ) {-e yy +e- F(e)) e" y + uj 



T 



1) l(Q' + e y )i y e"y 
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First, as in step 1, for \s\ large, 



F(e)(e y e«y] 



< J{\e\Q A + \et){\e yv \ + \e y \)<™ 



Second, the following estimates are proved as in step 1, HA. 12[) . after possible inte- 
grations by parts 



J AQ(-e yy + e-F(e))e"y + *± J 



AQeye^ 



+ 



y-1) / Q'{-e yy + e-F{i))e»y 



+ 



^ - 1 ) / Q'^ 



<1 

~ a 2 • 



For example, by the decay properties of Q and ()A.8p . 



— \ AQe yy e 



Finally, we observe that 

J (Ae)e yy e"y = J + fs 2 e^ + s 2 y (ye^) y ), 

and thus for some -g < to" < to < to' < j^, 

^ J (Ae)i yy e»y\ < 1 J (el + e 2 ) (e<^ + e<*) . 

All the remaining terms are easier and are treated similarly as in step 1. 
The collection of above bounds yields: 

T s Hl ~-J ^yy + s v + ^ + / ^ + ^ B 



+ 



12 ' 



Note that lim^oo i?i(s n ) = by (|A.10p and (|A.13|) . Integrating on [s n ,s], and 
then passing to the limit as n — > +oo, using (IA.8|) and (|A.lip for to' and u/', we find 
(|A.14p . In particular, there exists a subsequence still denoted (s n ) such that 



Km /" (4, + e 2 , + i 2 ) {s n ,y)e^dy = 0. 
step 3 We claim that for all -j| < to < ts, for |s| large, 



(A.15) 



(A.16) 



Define 



Then, 



ds 



Ho 



£ yys £ yy e 



1 

2 

25 

T 



e 2 e m 
c yy c 



25 



y {e ys e y e 4 + 2e s e*e 3 ) ^ = h 21 + ffa 2 
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First, 



H2,i = I (-eyy + e-F(i)) yyy e yy e»y 

+ y /(AQ + te)y V £yye wy + (y - l) J (Q' + e„) w e ro ef 

= - ^ / - |(i - / 4 e " y - 50 / 4% £ ~ 3e 

+ f(F(e)-i 5 ) yy (E yy e"y) y 



wy 



+ ^uj J e 2 yy i A e" y + 30 y ejee"" + 15w y e y e 2 e uy 

+ ^ y (AQ + Ag)yyi m fW + (y " l) y (Q' + ^Wi^ 



Second, 



25 



?4\ e wy 



25 /" 

= y y + e - F(e)) y (e yy e 4 + 2e 2 y e 3 + ue y i A ) e" y 

+ yy y (AQ + A£) (e ro e 4 + 24e 3 + uje v e a ) e" y 

25 /x \ /" 
+ y (y - 1 J (Q' + e y ) (E yy E A + 2e\e 3 + uE y £ A ) e' 

so [ eIj^v + E-y^y - 1 y E y£ -e«y J 

j (F(e) - E 5 ) y (E yy i* + 2e^ 3 + u;i y E±) e 

25 A f 

+ T T n AQ + A ^ few* 4 + 2i y^ + uiy ^ e 



2f V fi 3 y E 3 e^-- 



3 
25 

y 



4\ 



?4\ -wy 



25 /x 



+ y (y - l) y (Q' + e y ) (E yy E 4 + 2E 2 y E 3 + ui y i 4 ) e" y . 

The main observation when looking at the above expressions of #2,1 an d ^2,2 is 
that the higher order nonlinear term J £ 2 y £ y £ 3 e^y cancels in the expression of ^-£^2- 
All other terms are now controlled as follows. 

First, by (lA~7)l . 



~2 -4 wy 

yy 



< -1- I i 2 yy e-y 



Second, by Holder inequality, (jl .3[) . and then (1A. 1 1 1) . (|A,14p . for y 3 ^ < ui < 4j, 



< 



< 



s6 P uy 
y 



E yy + £ y +£)e- 



+ E 2 ) 



y (4+4+ £ ~ 2 ) e ^+ 



113 ' 
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Similar estimates are proved for | f £ y e 2 e LOy \ and | J e^e 3 e WJ '|. Next, for terms con- 
taining F(e) — e 5 , we argue as follows. A first observation is (using (|A.1|) ). 

\(F(e) - e%\ < (\i y \ + \e\)Q, \(F(s) - e 5 ) yy \ < (\e yy \ + \e y \ 2 + \e y \ + \e\)Q. 



Thus, 



(F(e) - e 5 ) yy (e yy e«y) y 



<cf(\i yy \ + \^^ y \ + m \i yyy \ + \i yy \)Qe^ 



- m I ^ + ^ + c I (£ » + % + ^ + i2)Q 
< / { ^yy + ^ + c j ^ + % + ^ + 



c 

72' 



The term | / (F(e) 



(e ro e 4 + 2e 2 / e 3 + we^e 4 ) e ujy \ is treated similarly and eas- 



ier. 



Finally, terms containing 4f and (% — 1) are treated similarly as in step 1 and 



step 2. For example, let us consider the term 4f J (AQ + Ae) yy e yy e wy . We first have 

^ J {{AQ) yy e" y ) yy e 



\ / (^Q) yy £ yy e y 



<1 



Since 



we get, for some ^ < cj" < to < to' < j^, 



-j e 2 yy e" y -co j el v ye«y, 



A J ^^ yy ^ yyC V 



s z 



< - I el, ( e"'v + e""y 



Gathering all the previous estimates, we obtain 

d_ 

ds 



-H 2 <-J (4, + 4 + 4 + e 2 ) e^dy 



Integrating on [s n ,s] and passing to the limit n — > +oo using (|A.8|) . (|A.15P and 
(lA~T4)l . we get (IXTfljl . 

For some sequence — > — oo, it implies 



n ^o / (4* + 4/ + 4 + e ~ 2 ) ( s 'n,y)^ y dy = 0. 
Note also that by standard arguments, (|A.16|) implies directly that 



\e 2 e ujy \\ < — 
I y \\l°° ~ | s | ' 



step 4 We claim that for all jj < w < ^j, for \s\ large, 

f e 2 yyy {s,y)e" y dy + £ J(d*e) 2 (a, y)e^dyda < j-. 



(A.17) 



(A.18) 



(A.19) 



Define 



e 2 
yyy ' 
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Then, 



± H 

ds 



£ yyys e yyy e 



-Eyy+i F{£))yyyy e yyy e 



+ — j (AQ + Ai)yyyiyy y e V + ^ — 1^ J ( Q + £y)yyy£yyyG V 



+ y /(AQ + l^vmfau*" + (y " l) / 



1 ) / (Q + £y)yyy£yyy eU1V ■ 



The last two terms ^ J* (AQ + ke) y yyEyyye^ y and — l) J" (Q' + £y)yyy£yyy& UJy are 
treated exactly as in the previous steps and thus we omit the estimates. 

We focus on the nonlinear term J (F(e))yyy(syy y e ujy )y. Expanding F(s) = 5Q e+ 
10Q 3 e 2 + 10<5 2 e 3 + 5Qi 4 + e 5 and integrating by parts, we obtain many different 
terms. We check the worst terms and we claim that the other terms can be checked 
similarly. See also Section 3.4 in |25| for similar arguments. 

First, we remark that the following term which is only quadratic in e, is easily 
controlled 



< / e 2 e" v 
yyy 



Second, we treat some terms coming from e 5 : 



tyyytyt e 



L oo / ra«/ ~ up / 



/ 



~3 - j2 ™ 
yy y 



< Mho 



< 



I 



e e 4 



3 

S 2 



fe 2 — i— e 2 ) e |s/ 
v ray ~ yy) 



, ,11 ~ / c raw c 

S 3 



i 2 e% y 
yy 



e 2 e 3 e e w y 



^ Hell 7",o 
r>j M M-'-' 



e y e* y 



e 2 e^ y 
yy 



< J_ 

I I ^ ' 



Thus, we get 



-#3< 

7 «-> i*s^ 

as 



4ra + 4 + e 1 + ^ + ^ 



Integrating on [s' n , s] and passing to the limit as n — > +oo, using (|A. 17|) and (|A.16p , 
we obtain ()A.19p . for the following range of values of u: < oj < jq. 



54 Y. MARTEL, F. MERLE, AND P. RAPHAEL 

Appendix B. Proof of Lemma 16.31 

step 1 Algebraic computations. We follow closely the computations of the proof 
of Proposition 3.1 in [33J. We compute 

^ T B = \J e 2 y 4>' B + £ y B - ~ ((e + Q b f -Ql- 6eQl) $ B 
+ 2 j 4> B (e y ) s e y + 2e s efo - 4>b ((e + Qbf - Ql) 
- 2 J MQ b )s ((e + Qf,) 5 - Qf - 5eQt) 



fx + /2 + /a, 



where 



/i = ~ / + £ Vb - I ((£ + - Qg - 6eQ^) ^ 

-AeJ ^ (4 > B£y)y + £<t>B ~ ((e + <3b) 5 - Q 



+ 2 / ( e. 



As 

A 



b) I ■ 



h = 2y / Ae [-(^BEtfJy + e<pB - 4>b ((e + Q&) 5 - Q& 
/ 3 = -2 y &j(Qb) a ((e + Q b ) 5 - Qg - 5eQ£) . 

We will use the equation of e under the following form 
A s 



e s - y A £ 



+ 



-e yy + e-{e + Q b f + Q\) y 
^ + b) AQ b + (y - l) (Qfc + e) y + * 6 + * 6 , 



(B.l) 



where $ 6 = -6, ( Xft + iy{Xb)y) P and -* 6 = (Q£ - Q 6 + Qjj)' + 6AQ 6 . 
step 2 Control of f±. 

h = \J e 2 J' B + e 2 ^ - 1 (( £ + Q 6 ) 6 - Q° - 6e g5) ^ 

+ 2^ (-e w +e- ((e + Qi,) 5 -^))^ (-(^e^y+^s-^KQb + e) 5 -Q 
+ 2 f y + ^ y AQ b (-(4> B e y )y + e<p B - ^ B ((e + Q b ) 5 - Q 



+ 2^-1) / (Q 6 + e) y (-(0B£j / ) y + e0B-^((e + Q b ) 5 -Qg 



+ 2 J <5> b \-{<j>Bey)y + £<£b - <j> B ((e + <9fe) 5 - Q& 

+ 2 J^b (-(4>B£y)y + £$B ~ 4>B ((e + Qb) 5 - 
= fl,l + fl,2 + fl,3 + fl,4 + fl,5- 
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3&4 + (3#, + \4>' B - 4>%)el + {\4>'b ~ </>bV 
{(e + Q b f-Qt-QeQl) 4>' B 



(e + Qbf Qt 



G 



6 



Qle-((e + Q b f-Ql)e 



+ 2 J [(e + g b ) 5 - Qf - 5 q4 £ ] (Q 6 ) y (0 B _ B ) 

+ 10 y fe{(Q6) y [(Q6 + e) 4 -Qfe] + (Q6 + £)%} 

+ /" B { [-2e w + 2e - ((e + Q b f - Ql)] [{e + Q h f - Qt] } 
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Using the following estimates (see [33j for more details), 

1 



B = 4>b = 1, for y > -f , 
\Qb(y)\ + \d y Q b (y)\ < e~f + for y < -f , 

£ 6 <Ab < %*) / (e 2 y + ^Vb, / 4^B < 5(a*) [ e 2 J B + 



(B.2) 
(B.3) 

(B.4) 



we obtain for B large and a* small: 



/l,l< 



' -2 

to 4 / 1 - '/ 



7 l{el + e 2 )4>' B . 



Next, 



/l,2 = 2 ( y + /> 



+ 2| f + 6 



AQ(Le) - 2 f ^ + b) j e(l - 4>b)AQ 
HXbP) (-(4>Be y ) y + ec\>b - 4>B[(Qb + ef - Ql 

AQ (-(&?)„£„ - (i - &0e w + (i - ^s)[(Qb + e) 5 - Q&; 

AQ[(^ + s) 5 -^-5Q 4 e). 



The main term J AQ(Le) is zero by the orthogonality conditions on e and the other 
terms are controled as in [33j using (|2.29p . (|B.2p . (|B.3P and (jB.4[) . to obtain 



l/i, 2 | < 
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The next term is 



'1,3 



2 ' T 



*) j\fiB[{Qb + ef-Qt-ZQte\ 

1 ) / (bXbP + e)y -4>B £ y ~ 4>B£yy + £<t>B 



+ 2 



+ 2 - 1 ) / Qf Ls - <P' B e y + (1 - 4> B )e yy - e{\ - <f> B ) 



+ io(^-i) / eMQbWv-QfQv) 



Using LQ' = and arguing similarly as before for the rest terms, we obtain 

1/1,31 ~ m /(4+ £ Vb + i&i 4 - 



step 3 Control of f2- From computations in [33j 



A. 



A 

3T 



A. 



V ~2 



\^b - y& B ] [(e + Qbf -Qt- 6Qle] 
+ 2^ J B AQ b ((e + Qbf -Qt- 5Q 4 b e) 



For this term we observe: 



5b e, 



< 



+ / (£ 2 + e2 )v4, 

and |xl ~ The other terms in the expression of /2 are treated as before, so 

that we obtain: 

1/21 ~m J (e ' +£2) &+ s w /( £ «+ £ V s 

step 4 Control of /3. Arguing exactly as in |33j (using (|2.30p ). we obtain 
Gathering these estimates, we get f|6.28|) . 

step 5 Proof of (|6,29p . This is a standard fact by localization arguments. 
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